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A bdract

Fortiehi gheroderdi Bent aequat onu® §= Aug+ ff
tOl R @ on aBanah ace E,we g ve anew defini t on ofmild
Dl ui ons of ) W e hen chaacei ze be egul aradmi s bliy ofa
nd ai oninvai antaubgpaceM of BUC( RE)wih epedp ¢
in em sofl  vabi liy ofthe opeabr equai on AX - XD"=C.As
applicai onspei odidy and @ modpei odidy ofmi Id sl ut ons of
Haea w0 poved.

1 htoduc on

Thequa iei veheoy ofmi Id sl ut onson hewha elineothedi [@ent a
equail on ofte ype

ud= Aup+ fo t0l R, @ 1)

whee A isad osd opeabr on a Banadh Pace E , has bean ofi naeas ng
ineesti nhel addecadesfA i sabounded opeabron E.mi  Id 2 ut ons
of. Ywhi chaehesameashed as @ ut onsae defined by

Dt
up= e ~uQ)+ ) A9 feps  tO R. ()

hhe rbook|[ 3],Da ekiiand Ke nmadeas/emai cdudy on heasm p-
ot cbehavi orofsdl ut onsofhef om (. 2) For unbounded opeabr A,
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wheehes wval on dangesdamal |y, he fig qued on iswhi dh <l u-
tonsof. l)aeoond deed asmi Id olutions fA i s e geneabr ofa
Co-smigoup T §t= O,i ti slogicalb definemi |d <l ut onsof(l.  1)by

O

U= T SO+ TEgen s 3 3

W h ti sdefini t onin hand,many auhosi nved gaed hequal il ve be
haviorof(. 3)i ndileentwaysee[ 8],[ 11],[ 14],[ 19],[ 20],and & eences
hee n) T he seoond oder di Gent  aleguat on,u "= Auf+ fjwhee
A iste geneabr ofa cog nefamiyCfandf  orwhi ch mild s ut onsae
defined by

0

U= C - U6+ St- Sy B Sty

hasbeen a o udi ed in[9],[ 10jand [ 15].

Rement y,Aendtand Baly | 2], Sdhwe ker [ 16],and Vu Q uoc Phong and
Schul er[ 21]audi  ed he figand ssoond oder di [@ent alequai on,i nwhich
A isnothe geneabrofa C o-Emigoup orofacos  nefamiy feped \Yy)
Alhough be rdefini tonsofmi ld sl ut onsae 4 ight y di [@ent bey a I
doved hatheexi $nceand uni quenesofmi Id ol ut onswhi ¢ch be ong b
asbgpaer M ofBUC( RE)aed odHyd aed bhes vabiliy ofhe
opeabrequai  on ofhef om

AX - XD = -9,

wheeD ishedi [@eni adopeabri nM and & isheDi ac opeabrdefined
by 60f): = fO)

hgi ed by hi sipi d devd opementi n hi spape;we cond  derhe hi gher
oderdi [@ent alequal on

u® g= Auf+ fo L 4)

whee A isad oxd | inearopeabron E and f i saont nuousfund onfiom
IR DE. Fi gweg weageeadeini tonomild lut onsb Equai  on
L AHThi sdefinitonisanexens onoftati noducedi n[2,wheen=1



and n= 2and A genead lyisnotthe geneabr ofa C o-Em igoup @nd of
aad nefamiyeped vdy) Seveal piopet esofmi Id sl ui ons ae hen
dowvnin Sed on 2

hSed on3wewmns deteond tonsforhesl vabiliy ofopeabr equa-
fonAX - XB =C,inpat awwarwhenB = D "wheeD i shedi Eeni a
opeabron af und on gacand C = -9d .

AsumethaM i sadosdtand ai on-invai antubpace ofBUC( RE)
M Bsidbbeeu alyadmis be wih eped b Equat on (L. 41 ffor
ey fM Equai on (@ 4hasauni quemidslutonulOM .hSed on
4we daacei ztbewegul aradmigsbiliy ofM i nemsol vabiliy of
he opeabr equat on. Nam dy,we shov hathe subgpace M i segul aty
adm i bleifand onl y i fhe opeabr equat on ofhef om

AX - XD'= -& (L 5

has a uni que bounded 0l ut on. Asappl it onsi n Sed on 5we show hat
ifhe admi s ble slbbgpace M i s he gace of - pei odic fund ons ten
ap KM@rki )" - A) kK o isaneesay ondi fonhateach mi  Id s

kiZzz
lutonon M bdongsbC M(RE)whee0 m n.Fi nalywe poe

hatundersomed as caoondi 1 on,i foA)n § IR)" iscoungbl ethen each
bounded mild <l ut on ofhe hi gheroderequai  onisa modpel odigpo-
vided fi samodpea odic Thi seul thown by a shot pioof ,genedl IS
[2Theoem 4. 5.

2 M id Solut onsofHiI gherOmerDi [eent al
Equai ons

Fidl etusfixsomenosi onsByC © (R E)we denoe he gace ofcont n-
uousfund onswih cont nuousdei vaf vesuu ™ ..u® andbyBUC( RE)
he goace ofbounded,uni fom |y cont nuousf und onswit val %esin E.The
opeabr | :C( RE) - C(RE)isddined by f§ : = féps and
Ifo= 1 "if)



Definit on 2.1 W esayt hatu:l R - Edadas @l ution ofl. 4)i f
uM@A)udC ™RE)and (@ 4)issatidiel.

b A ont inuousfundionuC( RE)i sa ledamild <l ution of(l. 4)
ifl ®uypD @)f ora ItO R andtheeed €n poi Ntsve,V1,. ..,V o1 iN
E sucht hat

rm-lti
up= i—'vi+AI”u0+I "0 e 1
£E0

foral ItOl R.
R em ak.Us ng he sandad agum entwe can piove he f ollowing.

()fami Idlutonuism tmesdilgent able0 m < n,bhenv |,
i= 01 .m,aehei nitava uesi .euQ)=v ouQY=v 4. .,and
u™m Q)= v .

(i)fn=1and A i sthegeneabrofaC o €Migoup T §hen a coni n-
uousfund onu:l R -~ Edamild < ut onof(. 4)i fand onl yifi thas
bef om 0,

ug= T sue+ T gk

(i) Simiatyi fn = 2and A a geneabr ofa g nefamiy Con E,
any ont nuoud ydileent ablefund onuon E ofhef om
Dt

up= C ¢ sue+ St su o+ St Uk
whee Sf)i steasod abed 9 nefamiyi samild <l ut on of(l. 4)

fVWfui sabounded mild sout on of(l. 4) corepondi  ng b a bounded
inhomogeniyfand (L. Y RE)henulpi samild=lut on ol ut on
of(l. 4)coregpondi ng o f[P.

Died yfiom te rdefini t onwean o ledsomepiopet  esofmi |d <0l ut ons
ofEquai on (L 4)

Lemma?22 Leubeami Id sl ution oft hehigheroderdi  [@ent iade equa-
tion L 4)f

()uisinCO(RE)or



(HDupD@)f od It R andAu()OC( RE)
thenuisadas @l ution.
Proof .{ )Sinccuisamild sl ut on we have

l|1_'-|'-1ti
Al"uf= uf- Vi T | "f e 2
o I
Thei gnthand 9§ decdf@ 2)i sn-t medigent ablesoi stel &thand 3 de
Hena
li 1D&h n-1 = | i J'D D&h n-1 Dt n-1 -
hIInOAHt " fugds = h'fnoﬁAo "™ ugds— A 0I uepds
—_ d n
= A"

O
eSS nelimy. ¢ " 1" tugds=1 "tufand A i sdosdweobti n
batl "upD A)and  S@AI "ud= Al "'upByeki nghedei vef ve
on boh 9§ desof@ 2weobdi n
T2 ti
Al =u - :—lvﬂ - 1" 15p
o i!
fora It R.Repeat ng hi spoodue f— 1)t mesweobbi nuisnt mes
diBent ableand u® §= Auf+ ffi euisadas @l ut on.
(i)fup OD @) f od Itdl R and Au¢()OC( RE)hen Al "ufp=
I"AupTaki nghen ! dei vai veofher ghthand § deof
I]E'lti
ug= Vi + 1"Aup+ | "fQ
o i!
wehaeuisnt mesont nuoud y diBent ableand u® §= Auf+ fj
i.,e,ui sadas @l ut on. »

h tef dlowing we cond derhe pedum ofmi  |d sl ut onsof@. 4) Fora
bounded fund onu L “(RE)t heCal eman tanf om U ofui sdefined by

d g
5] 5’°e‘“u¢dtReQ\)> 0,

R o ey Rep)< O

3
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ti sdearhat™ uishdomophicon C \iIR. A pontp Ol R isc led a
eul arpoi nti f'u hasa ho om ophi cexens on in a ne ghbohood ofi . The
gedum ofui sdefined asf ollows

U= O R:pisnoegul ar}

Thefdlowinglem m awhose poofcan bef oundin[6land [ 12],wi llbe nesded
lakx

Lem ma 23 Letf,glei nBUC(RE)and@ L (RE)Then
() sf)i sdosdand spf)= U fand onl yiff= 0.
(1) spf+ g)Uspf)Lg)

i 1i) spf L) Ospf) N suppF @, whee F @ i sthe Foui erf and om of¢.
Thefdlowvinglemm asthefigieul  tabouthe pedum ofmi Id =l ut ons
ofEquai on (L. 4)

Lemm a 24 Lef be a bounded coont  inuous f undion and u ke a bounded
mid <ol ution of (. 4) Then

PUOOUIR ¢ W" Do@} )

Proof .ti seaybseta HQ)= 20Q)hence PuQ)= 10Q)Taki ng
heCat emantand om on boh 9§ desofEquai on  1)we hae

0= QW A ) e 4

0 1, 1 : _
wheeQ Q)= e‘“(rE Vi pt= "~ uiA ".Fom Equal on@ 4)weobd n
EO EO

A" - AUQ= A "QN+ TR
forA /0 IR.Henef orA " OA)we have

Q=0 "-A) QU+ )



NoetatA "QQ@)i sa hd om ophic fund on in emsofA. ti m ples hat
ifudl R isamlegul arpo ntoffand § " O@)hen =  u hasha om ophi ¢
exens onin ane ghbohood ofi W,i .e ui salegul arpo ntofu. Hence we
haethei ndusved ai on. *

Fom Lemma?24,i tdi ed yfadlows

Comllay 2. 5 fui salounded mild ool ution ofl. 4)coregondi  ngtof =
Ot hen p()Cfu O R p)" Do@}

Conollay 2. 6 ff IR)"'noc@)=[1 hen (@ 4)hasatm ogonebounded mi Id
ol ution.

3 TheEquai on AX - XD"=C

LeeA and B bed osd,geneal |y unbounded,| inear opeabis on B anath
gacesE and F wi hdensedoma nsD @A)and D B )egped vdyand| eC
beabounded | inearopearf 1om E DF.A bounded opearX F - E
isal led a 90l ution ofte opeabr equal on

AX -XB =C 8.1
iff orevey f (D B )wehae X f (D A)and AX f- X Bf= Cf.Equal on
B. Dhasbeen cond  deed by m any auhoss twasfigdudi edinens wyfor

bounded opeabsby Da  eki iend K@ n[3],Roenbl um [L3]. Forunbounded
@eB Dwasdudi ein[1],[ 17],[ 199and [ 20when A and B ae geneabis
ofC g-emigoupsand i n [14],[ 2lJwhen A and B aed osd opeabs W e
deheesomema neul swhi dhwillbeusdi nthesqud .

Theorem 3.1 ()( 17, Theoem 15 )LetA and B e geneat osofC o-
Emigoupson E and F,one ofwhi chisana yticucht hato@)n
oB)= UThenf orewylounded opeat or C,Equat ion @ 1) hasa
uni gque bounded ol ution.

§1)( 14, Theoem 3. 1)) LetA bead osd and B ke a bounded opeat  or
uch c@A)n oB)= OThen f oreway bounded opeat  or C,Equat ion



B Dhasauni que bounded =0l ution X ,whi ch hast he following i ntegal
fom 0
-1 - “Icp-B) ldA G 2
X = 21ti rQ\ A) ’ '
whee I i sa d osed Caudy cont our aound o ) and sepeiat ed fom
o)

(i) ( 1, Theoem 2. 1])fEquat ion @ 1)hasa uni que bounded <ol ution for
ewaylounded opeat  orC,t hen c@)n oB)= [

W enow conddehes tiai onwhenF = M at@nd a on-invai antubgpace
oBUC(RE)andB =D [, heed donofD "bM ,wheeD : = & on
BUCRE)ti swdl-knonnhatoD)=i IR andoD ")= c0O) ".
Lenow M = {fOM :spf) 0[] —iki K}bk= L Thenbhef odlowing

popai eshol d See=[ 4,21] )

DM  aetand ai oninvai antubgpaces

II)M k M 1 and

iii)D v, isbounded.

W efignesd hef olowing Lem mawhich waspovedi n [21].
Lemma32 oD wu)=0,00m,)

Fom Lemma32weobti nthef olowing

Lemma33 oD )= 0,00 )

P roof .W e dhow that

o0 v )00 2100 4 ) G 3

NoehatoD ")= { R)",hen;coD )0{ IR)". Amumethat{ A)" O
oDy )AO R.Then heei sa sguence ofvedds Wk OM  such hat
fk DD@ ,r\]/,)[ﬂ kB: 1and

kIim[@ N'-DyJ¥«EFO B 9
LetA 1,A 5,. ..,A , beten compl ex 0ok ofhe equat onx"={(AN". Then
n n |]‘
€ V'-Duf¥k= @Q;j-DuS«
F1l
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Wedwow hatheei satl eedoneA ; bdonging b he pedum of D M -
Asumeonai lybhatal IA; bdongb @ v )hen

m
fi = Q‘i_DM)_l(l N"-DyJ¥« - Oask- o,
F1

whidhisoonedi coy o ] (= 1. Henceheei  saAj,whi ch bd ongsb
oD wm)ByLemma3 2heei sanumbekaudtati A o0 wm,)Si ne
Dwm isbounded,{ AN)" = (A))" OoD y )and hencshei nduson @ 3
folowsSi neehei neaxeof@ 3)i sobvi oushel em m aspioved. &

Fom Lemmas32and 3. 3itf dlows
Lemma34 oDy )={A "ALoD w}
W e now eun b he opeabr equat on

AX - XD = &', G 9
wheed) isheed d onofheDi acopeabro M .Asum e hat

oA)n A "ADoO wm}= U G 9

Then,by Lemma 3. 4,i ti sequi va ento

o@)n oD )= U
Theef oef ok= 12, .wehae

op)n oD g )= [

By Theoem 3. 1,he opeabr equat on

AX - XD, =&~
hasa uni que bounded sl ut on X ,whi chisofhef om
1 O
- _ _ -1sMnp _ n -1
Xy = Zﬂmﬁ A) " "= D y,) "d\ (S



whee I  isa conburaound c© w,)and spaced f - 1om o@A) M oeove;
beuni quenesofX  im pies

XklM | = X forl< k.

W eskeareul taboutheexii snceanduni quenesofbounded ol ui onsof
Equai on @ S)whoepocfi sdmiarpbhatoff 2L, Theoem 7] orn= 2)
and i som ikd.

Theorem 3.5 Asumethatond tion @ 6)hol ds Then t he opeat or equa-
tion @ 5 hasa uni que bounded <0l ution ifand onl yif

WPnx1 X (X o, G 9

whee X  aedefined by 8. 7)

4 Adm 5 ble Subspaces

LeM bead oxd and ai on-invai antsubgpace ofBUC R E)whi diis
egul at y adm iss ble wih ieped b Equat on (L. 49 Definethel inearoper

aorG onM ad hatf oeahfOM ,Gfi sheuni quemild 2l ut on of
@ 4HinM ,wehaetef dlowing.

Lemmad4l G isalinea;lounded opsat  oron M .

P roof . W e define opeabr GM - M O by
Gf:= Uy oV 1, ..Vn-1)
whee u is he uni que mild lui on of . 4) coepondi ng b f and
VoV 1, ..V n-1 @eoonai ned inthemild sl ut on
Tt

ug= :—Ivi + Al"up+ 1 "fg 4 1
o i!

Wewlishov hat G sdosd Lef )y OM wih | imcfy = f and
Gfc = UV okr V- )With | im G = v o, .Vn-1)i & | imuc = u

10



and Ilim Vik = W forj= 01, .n- LThenwehae | kim ["ucd=1 "uf
and,by Equai on @. 1)

n r[Tlti n
Al Uk® = u k@‘ ﬁvik_l fko
o I
I]ﬁ-lti .
- uf- i—lvk—l fask - oo .

0

Since A isd osed weobti ntbatl "u[D A)and
lE-lti
Al"ufp= up- Vi T | "
o !
Thatmeans Gf= (v oV 1, .V n-1)Hene G isd osed and tus bounded.
SineG = G -P,wheeP :M [OE " - M shepoj ed on on te fig
oodi nake and tus a bounded opeabrw e obti nbtatG i sbounded. %

OpearG i sl ledbesol utionopeat orofEquai on @ 4G i scom m ut ng
wih hetand  a on,and hen,gcommui  ng wih he di [@ent  alopeabr;
asthef dlowing lenmadows

Lemma42 LeA lead osd opeat oron E wi th non- em pty esol vent st
andM beanadmiss besubgpae of BUCRE)Thent  he following hol ds
NSHG =G S,,wheeS |, isthetand ation opsat oron M .
iDy G =G Dy

Proof. i)Leau = Gf beheuni que mild < ut on ofhe hi ghe oder
diGent alequat on (L 4)fui sadasaxl ut onhen Gf) ® ¢+ h)=
AGfit+ h)+ f¢+ h)and hencgS h-Gf= G S f.Forhe ase hatu
isnctad as @l ut on,| €A A)SI nce

rm-lti

RQAMI= TROAM i+ AITRQAMHT - "RAATS

o !
itiseasybseehf:\tN up= RQAAUQI sheuni que ol ut on of . 4) oor
epondi ngo f= RAQAY. But™ upOD@A)f ord It R. Hencgby

1



Lemma22fi) uisad ad @ ut on.Fom teaboeeul tforad as
lut onand hef adhatS | and RQAA)om muewe hae

RAAB nGf = ShRAAGT=S hGRQAAY
= GSRQAY= GRQAAB 1f=RAAGS f,

fom which itf dlows S,Gf = GSf ford If OM . Pati i)isa diet
onsquence ofi - Jand bel  em m as poved £

Coml lay 4. 3 AsumethatA i sad osd opeat orwi th nonem pt y el vent
. LleeM keaeul alyad medeabgae O BUCRE)andu ket he
unigque mild <ol ution cregondi ngtofinM . FfOC "™"(RE)wudht hat
fof T .f® HongtoM ,thenuisadas @l ution.

hwhatf dlovsweasumehaM si dieshef odlowingaddi t onalasum p-
ton:

Fora IC LM E)and fOM a 2

the fundion ® = C Sff ke ongstoM .

Theegul aradmi < biliy ofa pacei sdodyd aedbhed  vabiliy of
opeabrequai on@. 1) Thi sd af onwasshowvnin[20,whenn= landi n
[16Jand [ 21],whenn = 2 Thef dlowvingtheoem i sagenead izai on ofhoe
el &

Theorem 4.4 LeA kead osdopeat oron E wi thnonem pt y esol ventsst
and M beatand ation inai antaubgpacei n BUCR E)whi ch st idies
theassumption @. 22 Thent hefdlowing ae equi val ent.

()M isael at yadmis be
(1) The opsiat oreguat ion
AX - XDf) = -& @3

has a uni que sl ution.



i 11) For every ounded opesat oC: M - E,theopsat orequat ion
AX - XDf) =cC @. 4)
has a uni que sl ution.

Prooff )O§ i)LaeG :M - M be tebounded opeabr defined by
Gf=uwheeui sheuni quemild lut onin M . W e define he opeabr
XM B E by

Xf:= GO

Then X isabounded opeabr Now | ef D [, .ByLemmad43u= Gf
isadad @l ut onof@. 4)i .e,

Gh Vo= AGH+ 1t @. 5)

Noe hatby Lemma4. 2Gf) ® = Gf® Taki ngt= 0f om @ 5) and
uing hi sfagwe have AXf—- XD "f= -3, fafOD 7,,i.e X isa
bounded 0 ut on of@d. 3)

Todow beuni quenesweasumehatX isal ut onofEquai on @ 3)
Thenforeey fOD 7, ,hef und onu M ,defined by ug= X oS s
adas @l ut on ofEquai  on (L. 4) hdeed,

uP §= X oD"SF= AX o+ &HBF= Auf+ fh

fora It R.W ewildhow hatuf= X oSFi samild o ut on ofl. 4)
forevay f OM . To hi send,| @f OM and € «)kan UDO p)wih
limfyg = f. Then Gf = | imGfy = limXoSEY « = XoS(E)S. Hencg
Gf= XoS()i .e,u= X oS(fi samild sl ut on of@. 4)

Asumenow hatX ; and X, aetvo ol ui onsof@d. 3) Then,f orevey
fM ,u= K 11— X,B5(fi samild=lut onofhehi gheodeeguai on
u® = AugByheuni quenessofhem i Id <ol ut onwehaveu = Owhi ch
impiesX ; = X,.

()OO ¢ ii)LeeX betheuni que 3)I~uion of@N. 3) D dine he bounded
opearY :M - E by Yf: = Xf,whee joz -CSf. Lef O
DOp)enDd §N09=-CSPO [, f=D y f@Henewe hae

AYf= AXf= XD f+8,f= X0 L)+ Cf=YD [, f+Cf,

13



i.,eY isabounded sl ut on of@d. 4)
The uni queness ofhe <ol ui on of opeabr equat on AX - XDy, = C
folowsdied yfoom teuni quenesofhesdl ut on ofAX — XD = —d.

(10§ )W ehaedwowvn aboetati X isabounded sl ut on of@d. 3)
henu): = XSFi samild=lut onofhehi gheodeequai on (L 4t
emansbsow hathi sl ut onisunique hodebdoi tasum e hat
uisamild sl ut on ofhe hom ogeneous equat on u® §= AuftOl R.
By Codlay 2 5 sp0) " Oo@) On te ohe hand, 9 neu OM ,
ipl)0o0 wm)whi dhimpies{ () " Do r, )By Theoem 3. 1{ii)i t
fdlowsfom ( ii)hatoc@A)n o® )= [Henoespl)= (O u= 0and
hetheoem i spioved. )

5 Applicai ons

hthi ssd onwewillappl yheeul i nSed on 4 b he Ppace ofpet odic
and ofal mogpeal odicfund onsLeP ()bethe gace ofpei odicfund ons
fom IR DE wihhepa od w. Forhe sske ofs  mplidy,we asum e he
pei od w = LW ebeggnwihheai nwhidin= 2andA i shegeneabr
ofacd nefamiy CQti swdl-knowvn hat

@ A i ste geneabrofan anal yi ¢ Co-smigoup gi ven by
O

e ?x = gt e‘%cydt Re@)> O;
2 ©

@) D 2 iste geneabr ofa aod nefam iy gi ven by
Ch= 360+ St

and hencei s he geneabr ofan @nal yt 9C o-smigoupi n P @)

By Theoem 3. 1f )and Theoem 4. 4P @)i swiegul at yadmis bleifand onl y
ifo@)n oD &)= [On heoherhand,c0 Bey)= i )2 kZ Z}=
{~k2m k[Z Z}JHencewe have

14



Theorem 5.1 LA ket hegeneat orofad 1ong y cont inuousas nefam iy.
Then P@)i segul al yadmisibewt. u @M= Auf+ fpi fand onl yif
-4k ?m k[Z Z}O@)

h geneal ,howeveheoondi  t on ofhef om o@A)n oD |, )= [Hoesnat
imply teegul aradmis biliy ofpace M . Atl  eadhe opeaor A mud
sl §y omeoondi t onsashef dlowing heoem dows

Theoem 5.2 LetA bead oxd opsat oron a Banach .ac E wi  th non-
em ply el ventsstand suppoe P @) i sl at yadmis be with egpedt o
the equat ion

u® o= Aup+ f§ tOl R. 6 1

Then
O enki )"OR)andp @rki )" - A) X o,
KZZ

@i feechmildslutionon P@)bd ongstoC™)(RE)0 m n,it hen
erki )" OR)andap K ™@rki )" — A) 1¥ oo .
kzz

Proof . By aampi on,P(Q)i saegul at y admis ble fund on gace 0,
by Theoem 4. 4teEquat on AX — X Dgy = C hasauni que ol ut on for
evely bounded opeabr C . H enaeby Theoem 3. 1{ i)o@A)n oD Fq))=U
On techerhand,i ti snothad b ssehatoD pay )= {&mi )" kZ Z}
tf olowshato@)n {&kti )" :k 0Z Z} = [ori n oherwods{@kri )"
k (zz}O@)

Topoe @)l &G P@Q- P@behex ui on opeabr and ke fh=

e xo,Xx o OE,asa 1- pei odicfund on.ti snotbo had b dek hat
Gfyp=e ™ .@kmi )" - A)xgiste @ni quey mild 2ol ut on of 6. 1)
Hence

ki )" - A) xo[F G0 G OF GOX o]
ford Ix g E andk [Z Z.Hencesup [@kmti )"- A)'0 GIX o .
kZzz

To pove @) cbsve bhat 9 ne each mild olut on on P(@) bd ongs b
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CM)(RE)hecompod eopearD [y, G seveywheedefinedandd  osed.
Henai ti sa bounded opeabr: T hus

D fo G k) M@kmi )"-A) 'xo0 D Fy GHIE D g GHX o0
foraJIXODEandkEZZHenoesup KM@k )" - A) 10 C.D gy GHo

ach n oondntC,and hatoom pI aashe poof . £

The onvee of Theoem 5. 2 doesgeneal ly notha d @e [ 5f ora couner
exam ple) Howeverwe have he alim a veansvei nali N ed aases
fE i saHilbetpagn = 1and A i ste geneabr ofa C 0-SEm igoup
T) 0 webhaethef dlowing heoem ,whose poofof @) [ @) can be
found in [11].

Theorem 5.3 L&A ket hegeneat orofaC gsemigoup on a Hi |batgae
E.Thent hefadlowing ae equi val ent.

@ Foreach 1pai adicfundion f,equat ion
ud= Auf+ ff
hasa uni que 1- pai odic mild <ol ution.
O {2nkik Zz  Z}O@)and sup . @rki- A) TlX o« .

Alo,i fn=2m = 1and A i sthe geneabr ofa cog ne famiy C @ on
aHilbetgpacewe haveapos twveansvee Namd ywe haetef odlowing
heoem ,w hose pioofofhe convee patt ) [ @) can be f ound in [10].

Theorem 5.4 fA i sthegeneat orofacs nefamiyonaHilbetgaeE,
then the following ae equi val ent.

@ Foreach 1pei  adicfundion f,equat ion
uf= Aup+ fo 5. 2)
has a uni que 1- pai adic mild ol ution,whi ch el ongst o CH{R E)

O F4n k2 K[Z Z}OpA)andaup KA 2k2+ A) 1K o |
kZzZ
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W enow appy beeul si nChaperdb AP( R E )he ace ofal m odpe-
fodicfund onsfiom IR DE.Aspepaai on,wer Iomebas coonoeps
and el saboutal modpe odicfund ons Formoedea Iseadesae
geedd|[ 27] )A po ntAl R isc led apoi ntofal m odpel odiadt ofthe
fund onu,i fheei sanea ghbohood U ofA such hatf oeey @ L YR)
wih auppF @ OU,whee F@ i1 steFoui etand om ofg,hef und on
@i samodpea odic Theompl ementin IR ofhestofpo  nsofal mod
peai odidyofui sclledtbea modpai odicged um off andi sdenoed by
parli)

WesyhauBBUC( RE)i stotally egodi cifITme%DjT e vs uEps ex-
issf oral IvO R.Thef olowing beoem can bef ound in [7]pat@) and
©)and [ 14]patC)

Theorem 5.5 LeuBUC( RE)aucht hatsp apfl)i scount ade Asume
that

@ E [Tc g;0r

© Theange ofufi sweady © ativdy com pad ;or
©Qui stotalyegad c

Thenuisamogpai adic

W enow eun bourhi gheroderequat on. Lel” be a com pad i n IR
andM = X ()betesbgpacoBUC( RE)ond 4 ngofa If und onsf
wih of) I . ti seasy/ b e haM st diesoondi t on @ 2) M oeove;
Dy isbounded,c@ u)= il and huso@ )= ¢ N" . Asume now
o@)n { MN" = [hen,by Theoem 3. 1fi)heequai onAX — XDy, = —&
hasa uni que <0l ut on. By Theoem 4. 4M isegul at y admis bleand for
any amogpei odic fund on f,hemi Id lutonup= XS i sdo
amodpea odicUs ngheef adswehaetef dlowing

Theorem 5.6 Fort he equat ion

u® g= Aug+ f tO R, 6. 3
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we aaume thatf i samodpai odicand cA)n § IR)" isount ade Let
uOBUC(RE)kamild wution ofEquat ion 6. 3) Thenui samog
pei odicifone oft hefollowing condi tionsi s st idied.

@ E [c o;0r
© The ange ofufi sweady d ativdy com pad ;or

©Qui stotalyegad c

Proofhvi ew ofTheoem 5 5wehaeonl ybsow hatsp apll)i soount
able Si n,ec@)n { IR)" iscountbl ei tauloesb piove hat Papl) " O
o@)

LeA beanypo ntinIR suh hatf A" O@A)wewi lldow batA O O
Pap)SI ne@)i san open Hheeex s> 0 hatf nN" O@)
wheell = [A- A+ [0 .Sinelisompadand cA)n{ N"=L[X{)i s
egul at y adm iss ble wih eped b Equat on 6. 3)

Letg beaf und oninL*(R E)wi t uppF ¢ O ,and define™  u:= ulp and
fi=f@.Then” uand faei nX )Lemma2 3{ii)and fisana mod
pef odic fund on. M oeove;™ u iste uni que mild sl ut on of 6. 3) e
gondi ng © ﬂnX()Remalki n Sed on 1) By he easoni ng pecedi ng
hi sheoem,” uisavamodpeal odicSoAi sapo ntofa modpei odidy
ofu,i .e X apl)and he heoem i S pioved. )
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