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A bstract

For the hi gher order di fferenti alequati on u(n) (t) = A u(t)+ f(t),

t ∈ I R (*) on a Banach space E , we gi ve a new defini ti on of m i ld

sol uti ons of (*). W e then characteri ze the regul ar adm i ssi bl ity of a

transl ati on i nvari ant subspace M ofB U C (I R ,E ) wi th respect to (*)

in term s ofsol vabi lity ofthe operator equati on A X − X Dn = C . A s

appl icati ons, peri odi ci ty and al m ost peri odi ci ty of m i ld sol uti ons of

(*)are al so proved.

1 Introducti on

The qual itati ve theory ofm i ld sol uti onson the whol e l ine ofthe di fferenti al

equati on ofthe type

u′(t)= A u(t)+ f(t), t∈ I R, (1. 1)

where A i s a cl osed operator on a Banach space E ,has been ofi ncreasi ng

interesti n the l astdecades.IfA i sa bounded operatoron E ,m i ld sol uti ons

of(1. 1),whi ch are the sam e asthe cl assi calsol uti ons,are defined by

u(t)= e A tu(0)+
∫ t

0
eA (t− s) f(s)ds, t∈ I R . (1. 2)

In thei rbook [ 3],D al ecki iand K rei n m adea system ati cstudy on theasym p-

toti c behavi or of sol uti ons of the f orm (1. 2). For unbounded operator A ,
§2000 A M S SubjectC l assi ficati on:Pri m ary 34 G 10,34 K 06,Secondary 47 D 06.
∗ Thispaperwaswri tten,whi letheauthorwasvi si ti ng theD epartm entofM athem ati cs,

O hio U niversi ty. The author thanks D r. Vu Q uoc Phong f or m any val uabl e di scussi ons
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where the si tuati on changes dram ati cal ly,the first questi on i s,whi ch sol u-

ti ons of (1. 1) are consi dered as m i ld sol ut ions. If A i s the generator of a

C0-sem igroup T(t),t≥ 0,i t i s l ogi calto define m i ld sol uti onsof(1. 1)by

u(t)= T(t− s)u(s)+
∫ t

s
T(t− τ)f(τ)dτ, t≥ s. (1. 3)

W ith thi s defini ti on i n hand,m any authors i nvesti gated the qual itati ve be-

havi or of(1. 3) i n di fferent ways (see [ 8],[ 11],[ 14],[ 19],[ 20],and ref erences

therei n).Thesecond orderdi fferenti alequati on,u ′′(t)= A u(t)+ f(t),where

A isthegeneratorofa cosi ne fam ily (C (t)),and f orwhi ch m ild sol uti onsare

defined by

u(t)= C (t− s)u(s)+ S(t− s)u ′(s)+
∫ t

s
S(t− τ)f(τ)dτ,

hasbeen al so studi ed i n [9],[ 10]and [ 15].

Recentl y, A rendt and Batty [ 2], Schwei ker [ 16], and Vu Q uoc Phong and

Schul er[ 21]studi ed thefirstand second orderdi fferenti alequati on,i n which

A isnotthe generatorofa C 0-sem igroup orofa cosi ne fam ily (respecti vel y).

A lthough thei r defini ti ons of m i ld sol uti ons are sl ightl y di fferent, they al l

showed thatthe exi stence and uni quenessofm i ld sol uti ons,whi ch bel ong to

a subspace M ofB U C (I R,E ),are cl osel y rel ated to the sol vabi lity of the

operatorequati on ofthe f orm

A X − X D = − δ0,

whereD i sthedi fferenti aloperatori n M and δ0 istheD i racoperatordefined

by δ0(f): = f(0).

Inspi red by thi s rapi d devel opem ent,i n thi s paper,we consi der the hi gher

orderdi fferenti alequati on

u(n) (t)= A u(t)+ f(t), (1. 4)

whereA i sa cl osed l inearoperatoron E and f i sa conti nuousf uncti on from

IR to E . Fi rst,we gi ve a generaldefini ti on ofm i ld sol uti ons to Equati on

(1. 4). Thi s defini ti on i s an extensi on ofthat i ntroduced i n [2],where n = 1
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and n = 2,and A general ly i s not the generator ofa C 0-sem igroup (and of

a cosi ne fam ily,respecti vel y). Severalproperi es ofm i ld sol uti ons are then

shown i n Secti on 2.

In Secti on 3,we consi derthe condi ti onsf orthe sol vabi lity ofoperatorequa-

ti on A X − X B = C ,in parti cul ar,when B = D n,where D i sthe di fferenti al

operatoron a f uncti on space,and C = − δ 0.

A ssum e that M i s a cl osed,transl ati on-invari ant subspace ofB U C (I R,E ).

M is sai d to be regul arl y adm issi ble with respect to Equati on (1. 4), i f f or

every f ∈ M Equati on (1. 4)hasa uni que m ild sol uti on u ∈ M . In Secti on

4 we characteri ze the regul ar adm i ssi bi lity ofM i n term s ofsol vabi lity of

the operator equati on. N am el y,we show that the subspace M i s regul arl y

adm issi ble ifand onl y i fthe operatorequati on ofthe f orm

A X − X Dn = − δ0 (1. 5)

has a uni que bounded sol uti on. A s appl icati ons,i n Secti on 5 we show that

if the adm i ssi ble subspace M i s the space of 1- peri odi c functi ons, then

sup
k∈Z Z

‖k m ((2πki )n − A )− 1‖ < ∞ i s a necessary condi ti on,that each m i ld so-

luti on on M belongs to C (m ) (I R ,E ),where 0 m n. Fi nal ly,we prove

that,undersom e cl assi calcondi ti on,i fσ(A )∩ (i IR)n iscountabl e,then each

bounded m i ld sol uti on ofthe hi gher order equati on i s al m ost peri odi c,pro-

vi ded f i s al m ost peri odi c. Thi s resul t,shown by a short proof ,general ises

[2,Theorem 4. 5].

2 M ild Soluti onsofH i gher O rder D i fferenti al

E quati ons

Firstl etusfix som enotati ons.By C (n) (I R ,E )wedenotethespaceofconti n-

uousf uncti onswi th conti nuousderi vati vesu ′,u ′′,. ..u(n) ,and by B U C (I R,E )

the space ofbounded,uni form l y conti nuousf uncti onswi th val uesi n E .The

operator I : C (I R,E ) → C (IR,E ) i s defined by If(t) : =
∫ t

0 f(s)ds and

I nf : = I(I n− 1f).
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D efini ti on 2. 1 a) W e say t hatu :I R → E isa cl assi calsol ut ion of(1. 4),i f

u ∈ D (A ),u ∈ C n(I R,E )and (1. 4) i s sat isfied.

b)A cont inuousf unct ion u(t)∈ C (I R,E )i scal led a m ild sol ut ion of(1. 4),

ifI (n) u(t) ∈ D (A ) f or al lt∈ I R and there exi stn poi nts v0,v 1,. ..,v n− 1 in

E such t hat

u(t)=
n− 1∑

i= 0

t i

i !
vi + A I nu(t)+ I n f(t) (2. 1)

for al lt∈ I R .

R em ark.U si ng the standard argum ent,we can prove the f ol lowing.

(i ) Ifa m i ld sol uti on u i s m ti m es differenti abl e,0 m < n , then v i ,

i= 0,1,. ..,m ,are the i niti alval ues,i .e. u(0)= v 0,u ′(0)= v 1,. ..,and

u(m ) (0)= v m .

(i i) Ifn = 1 and A i sthe generatorofa C 0 sem igroup T(t),then a conti n-

uousf uncti on u :I R → E isa m ild sol uti on of(1. 4)i fand onl y i fi thas

the f orm

u(t)= T(t− s)u(s)+
∫ t

s
T(t− r)f(r)dr.

(i ii) Si m ilarl y,i fn = 2 and A a generator ofa cosi ne fam ily (C (t)) on E ,

any conti nuousl y di fferenti abl e functi on u on E ofthe f orm

u(t)= C (t− s)u(s)+ S(t− s)u ′(s)+
∫ t

s
S(t− τ)f(τ)dτ,

where (S(t)) i s the associ ated si ne fam ily,i sa m ild sol uti on of(1. 4).

(i v) If u i s a bounded m i ld souti on of (1. 4) correspondi ng to a bounded

inhom ogeni ty f and φ ∈ L 1(I R,E )then u∗φ i sa m ild sol uti on sol uti on

of(1. 4)correspondi ng to f ∗φ.

D irectl y f rom thei rdefini ti on,wecan col lectsom eproperti esofm i ld sol uti ons

ofEquati on (1. 4).

Lem m a 2.2 Letu be a m i ld sol ut ion oft he hi gher order di fferent iable equa-

tion (1. 4). If

(i ) u i s i n C(n) (I R ,E );or
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(i i) u(t)∈ D (A ) f or al lt∈ I R and A u(· )∈ C (I R,E ),

then u i s a cl assi calsol ut ion.

P roof . (i )Si nce u i sa m ild sol uti on we have

A I nu(t)= u(t)−
n− 1∑

0

t i

i !
vi − I n f(t). (2. 2)

The ri ghthand si de of(2. 2) i sn- ti m e differenti abl e,so i s the l efthand si de.

H ence,

lim
h→ 0

A
1

h

∫ t+ h

t
I n− 1u(s)ds = l im

h→ 0

1

h

(

A
∫ t+ h

0
I n− 1u(s)ds− A

∫ t

0
I n− 1u(s)ds

)

=
d

dt
(A I n(t))

exi sts.Si nce l imh→ 0
1
h

∫ t+ h
t I n− 1u(s)ds = I n− 1u(t)and A i scl osed,we obtai n

thatI n− 1u(t)∈ D (A )and d
dt (A I nu(t))= A I n− 1u(t).By taki ngthederi vati ve

on both si desof(2. 2),we obtai n

A I n− 1(t)= u ′(t)−
n− 2∑

0

t i

i !
vi+ 1 − I n− 1f(t)

foral lt∈ I R .Repeati ng thi sprocedure (n − 1)ti m eswe obtai n u i sn ti m es

differenti abl e and u (n) (t)= A u(t)+ f(t),i .e.u i sa cl assi calsol uti on.

(i i) Ifu(t) ∈ D (A ) f or al lt ∈ I R and A u(· ) ∈ C (I R,E ),then A I nu(t) =

I nA u(t).Taki ng the n th deri vati ve ofthe ri ghthand si de of

u(t)=
n− 1∑

0

t i

i !
vi + I nA u(t)+ I n f(t),

we have u i s n ti m es conti nuousl y di fferenti abl e and u (n) (t)= A u(t)+ f(t),

i.e.,u i sa cl assi calsol uti on. ♣

In the f ol lowing we consi der the spectrum ofm i ld sol uti ons of(1. 4). For a

bounded f uncti on u ∈ L ∞ (I R,E ),t he Carl em an tranf orm û ofu i sdefined by

û(λ)=






∫ ∞
0 e− λt u(t)dt, R e(λ)> 0,

−
∫ 0

− ∞ e− λt u(t)dt, R e(λ)< 0.
(2. 3)
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It i s cl ear that ˆ u is hol om orphi c on C \ i IR. A poi nt µ ∈ I R is cal led a

regul ar poi nti fˆu hasa hol om orphi c extensi on i n a nei ghborhood ofi µ.The

spectrum ofu i sdefined asf ol lows

sp(u)= {µ ∈ I R :µ i snotregul ar}

Thefol lowing l em m a,whoseproofcan bef ound i n [6]and [ 12],wi llbeneeded

later.

Lem m a 2.3 Letf,g be i n B U C (IR,E ) and φ ∈ L 1(I R,E ). Then

(i ) sp(f) i s cl osed and sp(f)= ∅ i fand onl y i ff = 0.

(i i) sp(f + g)⊂ sp(f)∪ sp(g).

(i i i) sp(f ∗φ)⊂ sp(f)∩ suppF φ,where F φ i s t he Fouri er f ransf orm ofφ.

The fol lowing l em m a isthe firstresul taboutthe spectrum ofm i ld sol uti ons

ofEquati on (1. 4).

Lem m a 2.4 Let f be a bounded cont inuous f unct ion and u be a bounded

m ild sol ution of(1. 4). Then

sp(u)⊆ {µ ∈ R :(i µ)n ∈ σ(A )} ∪ sp(f).

P roof . Iti seasy to seethat Îu(λ)= 1
λ û(λ),hence Î nu(λ)= 1

λ n û(λ).Taki ng

the Carl em an transf orm on both si desofEquati on (2. 1)we have

û(λ)= Q (λ)+
1

λn
Aû(λ)+

1

λn
f̂(λ), (2. 4)

whereQ (λ)=
∫ ∞

0 e− λt (
n− 1∑

i= 0

t i

i! vi )dt=
n− 1∑

i= 0
ui /λ i .From Equati on (2. 4)weobtai n

(λ n − A )̂u(λ)= λ nQ (λ)+ f̂(λ)

forλ /∈ i IR.H ence,f orλ n ∈ #(A )we have

û(λ)= (λ n − A )− 1(λ nQ (λ)+ f̂(λ)).
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N ote that λ nQ (λ) i s a hol om ophic functi on i n term s ofλ. It i m plies that

ifµ ∈ I R is a regul ar poi nt off and (i µ)n ∈ #(A ),then ˆ u has hol om orphi c

extensi on i n a nei ghborhood ofi µ,i .e. µ i s a regul ar poi nt ofu. H ence we

have the i ncl usi ve rel ati on. ♣

From Lem m a 2.4,i tdi rectl y fol lows.

C orol lary 2. 5 Ifu i sa bounded m i ld sol ut ion of(1. 4)correspondi ng t o f ≡

0,t hen sp(u)⊆ {µ ∈ I R :(i µ)n ∈ σ(A )}

C orol lary 2. 6 If(i IR)n ∩ σ(A )= ∅,t hen (1. 4)hasatm ostone bounded m i ld

sol ut ion.

3 T he E quati on A X − X Dn = C

Let A and B be cl osed,general ly unbounded, l inear operators on Banach

spacesE and F ,wi th densedom ai nsD (A )and D (B ),respecti vel y,and l etC

be a bounded l inearoperatorf rom E to F .A bounded operatorX :F → E

iscal led a sol ut ion ofthe operatorequati on

A X − X B = C (3.1)

iff orevery f ∈ D (B )wehaveX f ∈ D (A )and A X f− X B f = C f.Equati on

(3. 1)hasbeen consi dered by m any authors.Itwasfirststudi ed i ntensi vel y for

bounded operatorsby D al ecki iand K rei n [3],Rosenbl um [13].Forunbounded

case,(3. 1)wasstudi ed i n [1],[ 17],[ 19]and [ 20]when A and B aregenerators

ofC 0-sem igroups,and i n [14],[ 21]when A and B are cl osed operators. W e

ci te here som e m ai n resul ts,whi ch willbe used i n the sequel .

T heorem 3. 1 (i ) ([ 17,Theorem 15] ) LetA and B be generat ors ofC 0-

sem igroups on E and F , one of whi ch i s anal yt ic, such t hat σ(A )∩

σ(B ) = ∅. Then f or every bounded operat or C ,Equat ion (3. 1) has a

uni que bounded sol ut ion.

(i i) ([ 14, Theorem 3. 1]) Let A be a cl osed and B be a bounded operat or

such σ(A )∩ σ(B )= ∅. Then f or every bounded operat or C ,Equat ion
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(3. 1)hasa uni que bounded sol ut ion X ,whi ch hast he fol lowing i ntegral

form

X =
1

2πi

∫

Γ
(λ − A ) − 1C (λ − B ) − 1dλ, (3. 2)

where Γ i s a cl osed Cauchy cont our around σ(B ) and separat ed f rom

σ(A ).

(i i i) ([ 1,Theorem 2. 1]) IfEquat ion (3. 1)has a uni que bounded sol ut ion for

every bounded operat or C ,t hen σ(A )∩ σ(B )= ∅.

W enow considerthesi tuati on when F = M ,atransl ati on-invari antsubspace

ofB U C (I R,E )and B = D n
M ,the restri cti on ofD n to M ,where D : = d

dt on

B U C (IR,E ). It i swell-known thatσ(D )= i IR and σ(D n)= (σ(D )) n .

Let now M k := {f ∈ M :sp(f) ⊂ [ − i k,i k]},k ≥ 1. Then the f ol lowing

properi eshol d (See [ 4,21] ).

i)M k are transl ati on i nvari antsubspaces,

ii)M k ⊂ M k+ 1 and

iii)D M k
isbounded.

W e firstneed the f ol lowing Lem m a,which wasproved i n [21].

Lem m a 3.2 σ(D M )= ∪ ∞
k= 1σ(D M k

).

From Lem m a 3.2 we obtai n the f ol lowing

Lem m a 3.3 σ(D n
M )= ∪ ∞

k= 1σ(D n
M k

).

P roof .W e show that

σ(D n
M )⊆ ∪ ∞

k= 1σ(D n
M k

). (3. 3)

N ote that σ(D n) = (i IR)n, hence σ(D n
M ) ⊆ (i IR)n. A ssum e that (i λ) n ∈

σ(D n
M ),λ ∈ I R. Then there i s a sequence ofvectors (f k)k ⊂ M such that

f k ∈ D (D n
M ),‖f k ‖ = 1 and

lim
k→ ∞

‖((i λ) n − Dn
M )f k ‖ = 0. (3. 4)

Letλ 1,λ 2,. ..,λ n be the n com pl ex roots ofthe equati on x n = (i λ) n . Then

we have

((i λ) n − Dn
M )f k =

n∏

j= 1

(λ j − DM )f k.
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W e show that there i s at l east one λ j bel ongi ng to the spectrum of D M .

A ssum e contrari ly thatal lλ j bel ong to #(D M ),then

f k =
n∏

j= 1

(λ j − DM )− 1((i λ) n − Dn
M )f k → 0 ask → ∞ ,

which i s contradi ctory to ‖f k ‖ = 1. H ence there i s a λ j ,whi ch bel ongs to

σ(D M ).By Lem m a 3. 2,there i sa num berk such that i λj ∈ σ(D M k
).Si nce

DM k
is bounded,(i λ) n = (i λj )n ∈ σ(D n

M k
) and hence,the i ncl usi on (3. 3)

fol lows.Si nce the i nverse of(3. 3) i sobvi ous,the l em m a isproved. ♣

From Lem m as3.2 and 3. 3 it f ol lows

Lem m a 3.4 σ(D n
M )= {λ n :λ ∈ σ(D M )}

W e now return to the operatorequati on

A X − X Dn
M = δM

0 , (3. 5)

where δ M
0 is the restri cti on ofthe D i rac operator to M .A ssum e that

σ(A )∩ {λ n :λ ∈ σ(D M )} = ∅. (3. 6)

Then,by Lem m a 3. 4,i t i sequi val ent to

σ(A )∩ σ(D n
M )= ∅.

Theref ore,f ork = 1,2,. ..we have

σ(A )∩ σ(D n
M k

)= ∅.

By Theorem 3. 1,the operatorequati on

A X − X Dn
M k

= δM k
0

hasa uni que bounded sol uti on X k,whi ch i softhe f orm

X k = −
1

2πi

∫

Γ k

(λ − A ) − 1δM n
0 (λ − D n

M k
)− 1dλ, (3. 7)
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where Γ k is a contouraround σ(D n
M k

)and separated f rom σ(A ). M oreover,

the uni quenessofX k im plies

X k|M l = X l for l< k.

W estatea resul tabouttheexi stenceand uni quenessofbounded sol uti onsof

Equati on (3. 5),whoseproofi ssi m ilarto thatof[ 21,Theorem 7](f orn = 2),

and i som itted.

T heorem 3. 5 Assum e thatcondi tion (3. 6) hol ds. Then t he operat or equa-

tion (3. 5) has a uni que bounded sol ution i fand onl y i f

supn≥ 1‖X k‖ < ∞ , (3. 8)

where X k are defined by (3. 7).

4 A dm issi bl e Subspaces

Let M be a cl osed transl ati on-invari ant subspace ofB U C (R ,E ),whi ch i s

regul arl y adm issi ble with respect to Equati on (1. 4). D efine the l inearoper-

ator G on M such that f or each f ∈ M ,G f i s the uni que m ild sol uti on of

(1. 4) i n M ,we have the f ol lowing.

Lem m a 4.1 G is a l inear,bounded operat or on M .

P roof .W e define operator G̃ :M → M ⊗ En by

G̃ f : = (u,v 0,v 1,. ...vn− 1),

where u i s the uni que m ild sol uti on of (1. 4) correspondi ng to f and

v0,v 1,. ..,v n− 1 are contai ned i n the m i ld sol uti on

u(t)=
n− 1∑

0

t i

i !
vi + A I nu(t)+ I n f(t). (4. 1)

W e willshow that G̃ is cl osed. Let (f k)k∈ I N ⊆ M with l imkf k = f and

G̃ fk = (u k,v 0,k ,. ..,v n− 1,k ) wi th l im
k→ ∞

G̃ fk = (u,v 0,. ..,v n− 1),i .e. l im
k→ ∞

uk = u
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and l im
k→ ∞

vj, k = vk for j = 0,1,. ..,n − 1.Then we have l im
k→ ∞

I nuk(t)= I nu(t)

and,by Equati on (4. 1),

A I nuk(t) = u k(t)−
n− 1∑

0

t i

i !
vi, k − I n f k(t)

→ u(t)−
n− 1∑

0

t i

i !
vk − I n f(t)ask → ∞ .

Since A i scl osed we obtai n that I nu(t)∈ D (A )and

A I nu(t)= u(t)−
n− 1∑

0

t i

i !
vi − I n f(t).

Thatm eans G̃ f = (u,v 0,v 1,. ..,v n− 1).H ence, G̃ iscl osed and thusbounded.

Since G = G̃ ◦ P ,where P :M ⊗ E n → M is the proj ecti on on the first

coordi nate and thusa bounded operator,we obtai n thatG i sbounded. ♣

O peratorG i scal led thesol ut ion operat orofEquati on (1. 4).G i scom m uti ng

with the transl ati on,and hence,com m uti ng with the di fferenti aloperator,

asthe f ol lowing l em m a shows.

Lem m a 4.2 LetA be a cl osed operat or on E wi th non- em pty resol ventset

and M be an adm issi ble subspace ofB U C (R ,E ). Then t he fol lowing hol ds.

i) S h ·G = G ·S h,where S h is t he t ransl at ion operat or on M .

ii) D M ·G = G ·D M

P roof . i ) Let u = G f be the uni que m ild sol uti on of the hi gher order

di fferenti alequati on (1. 4). Ifu i sa cl assi calsol uti on,then (G f) (n) (t+ h)=

A (G f)(t+ h)+ f(t+ h),and hence,S h ·G f = G ·S hf.For the case thatu

isnota cl assi calsol uti on,l etλ ∈ #(A ).Si nce

R (λ,A )u(t)=
n− 1∑

0

t i

i !
R (λ,A )u i + A I nR (λ,A )u(t)+ I nR (λ,A )f(t),

it i s easy to see that ˜ u(t)= R (λ,A )u(t) i s the uni que sol uti on of(1. 4) cor-

respondi ng to f̃ = R (λ,A )f. But ˜ u(t) ∈ D (A ) f or al l t ∈ I R . H ence,by
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Lem m a 2.2(i i),˜ u isa cl assi calsol uti on.From the above resul tf ora cl assi cal

sol uti on and the f act thatS h and R (λ,A )com m ute,we have

R (λ,A )S hG f = ShR (λ,A )G f = S hG R (λ,A )f

= G ShR (λ,A )f = G R (λ,A )S hf = R (λ,A )G S hf,

from which i t f ol lows ShG f = G Shf f or al l f ∈ M . Part i i) i s a di rect

consequence ofi ),and the l em m a isproved ♣

C orol lary 4. 3 Assum e thatA i sa cl osed operat orwi th non-em pt y resol vent

set . LetM be a regul arl y adi m issi ble subspace ofB U C (R ,E ) and u be t he

uni que m ild sol ution correspondi ng t o f i n M . If f ∈ C n(I R,E ) such t hat

f ′,f ′′,. ..,f (n) belong t o M ,t hen u i s a cl assi calsol ut ion.

In whatf ol lows,weassum ethatM sati sfiesthef ol lowing addi ti onalassum p-

ti on:

For al lC ∈ L(M ,E )and f ∈ M , (4. 2)

the funct ion Φ(t)= C S(t)f bel ongs t o M .

The regul aradm i ssi bi lity ofa space i s cl osel y rel ated to the sol vabi lity of

operatorequati on (3. 1).Thi srel ati on wasshown i n [20],when n = 1,and i n

[16]and [ 21],when n = 2.The f ol lowing theorem i sa general izati on ofthose

resul ts.

T heorem 4. 4 LetA be a cl osed operat oron E wi th non-em pt y resol ventset

and M be a transl at ion i nvari ant subspace i n B U C (R ,E ), whi ch sat isfies

the assum pt ion (4. 2). Then t he fol lowing are equi val ent .

(i ) M is a regul arl y adm issi ble.

(i i) The operat or equat ion

A X − X D(n)
M = − δ0 (4. 3)

has a uni que sol ut ion.

12



(i i i) For every bounded operat or C :M → E ,t he operat or equat ion

A X − X D(n)
M = C (4. 4)

has a uni que sol ut ion.

P roof (i ) ⇒ (i i ). Let G :M → M be the bounded operator defined by

G f = u where u i s the uni que m ild sol uti on i n M . W e define the operator

X :M →̂ E by

X f : = (G f)(0).

Then X is a bounded operator. N ow l et f ∈ D n
M . By Lem m a 4.3,u = G f

isa cl assi calsol uti on of(1. 4),i .e.,

(G f) (n) (t)= A (G f)(t)+ f(t). (4. 5)

N ote that,by Lem m a 4. 2,(G f) (n) = G f (n) . Taki ng t = 0 f rom (4. 5) and

usi ng thi s fact,we have A X f − X D nf = − δ 0f f or f ∈ D n
M , i .e. X i s a

bounded sol uti on of(4. 3).

To show theuni queness,weassum ethatX 0 isa sol uti on ofEquati on (4. 3).

Then f orevery f ∈ D n
M ,the f uncti on u ∈ M ,defined by u(t)= X 0S(t)f,i s

a cl assi calsol uti on ofEquati on (1. 4). Indeed,

u(n) (t)= X 0DnS(t)f = (A X 0 + δ0)S(t)f = A u(t)+ f(t)

for al lt∈ I R . W e willshow that u(t)= X 0S(t)f i s a m ild sol uti on of(1. 4)

for every f ∈ M . To thi s end, l et f ∈ M and (f k)k∈ I N ⊆ D (D n
M ) wi th

l imkf k = f. Then G f = l imkG fk = l imkX 0S(· )f k = X 0S(· )f. H ence,

G f = X 0S(· )f,i .e.,u = X 0S(· )f i sa m ild sol uti on of(1. 4).

A ssum e now that X 1 and X 2 are two sol uti ons of(4. 3). Then,f or every

f ∈ M ,u = (X 1 − X 2)S(· )f i sa m ild sol uti on ofthe hi gherorderequati on

u(n) (t)= A u(t).By theuni quenessofthem i ld sol uti on wehaveu ≡ 0,whi ch

im pliesX 1 = X 2.

(i i ) ⇒ (i i i ) Let X be the uni que sol uti on of (4. 3). D efine the bounded

operator Y : M → E by Y f : = X f̃, where f̃(t) = − C S(t)f. Let f ∈

D (D n
M ),then (D n

M f) (̃t)= − C S(t)D n
M f = D n

M f̃(t).H ence we have

A Y f = A X f̃ = X D n
M f̃ + δ 0f̃ = X (D n

M f) +̃ C f = Y D n
M f + C f,

13



i.e.Y i sa bounded sol uti on of(4. 4).

The uni queness of the sol uti on of operator equati on A X − X Dn
M = C

fol lowsdi rectl y f rom the uni quenessofthe sol uti on ofA X − X D n
M = − δ0.

(i i i ) ⇒ (i ) W e have shown above that,i fX i s a bounded sol uti on of(4. 3),

then u(t): = X S(t)f i sa m ild sol uti on ofthe hi gherorderequati on (1. 4). It

rem ai ns to show that thi ssol uti on i suni que. In order to do i t,assum e that

u is a m ild sol uti on ofthe hom ogeneous equati on u(n) (t) = A u(t), t ∈ I R.

By Corol lary 2. 5, (i sp(u)) n ⊆ σ(A ). O n the other hand, si nce u ∈ M ,

isp(u)⊆ σ(D M ),whi ch i m plies (i sp(u)) n ⊆ σ(D n
M ). By Theorem 3. 1(i ii),i t

fol lows from (i i i ) that σ(A )∩ σ(D n
M )= ∅. H ence,sp(u)= ∅,so u ≡ 0 and

the theorem i sproved. ♣

5 A ppl icati ons

In thi ssecti on,we wi llappl y the resul tsi n Secti on 4 to the space ofperi odi c

and ofal m ostperi odi cfuncti ons.LetP (ω)bethespaceofperi odi cfuncti ons

from IR to E with the peri od ω. For the sake ofsi m plici ty,we assum e the

peri od ω = 1.W ebegi n with thecase,i n which n = 2 and A i sthegenerator

ofa cosi ne fam ily (C (t)). It i swell-known that

(1) A i s the generatorofan anal yti c C0-sem igroup gi ven by

eA zx =
1

√
(πz)

∫ ∞

0
e− t 2

4z C (t)xdt, R e(z)> 0;

(2) D 2 is the generatorofa cosi ne fam ily gi ven by

C (t)=
1

2
(S(t)+ S(− t)),

and hence,i s the generatorofan (anal yti c)C 0-sem igroup i n P (1).

By Theorem 3. 1(i )and Theorem 4. 4,P (1)i sregul arl y adm issi ble ifand onl y

ifσ(A )∩ σ(D 2
P (1) )= ∅.O n the otherhand,σ(D 2

P (1) )= {(2kπi )2 :k ∈ Z Z} =

{− k 2π2 :k ∈ Z Z}.H ence,we have

14



T heorem 5. 1 LetA be t he generat orofa st rongl y cont inuouscosi ne fam ily.

Then P (1) i s regul arl y adm issi ble wrt . u ′′(t) = A u(t)+ f(t) i fand onl y i f

{− 4k 2π2 :k ∈ Z Z} ⊂ #(A ).

In general ,however,the condi ti on ofthe f orm σ(A )∩ σ(D n
M )= ∅ does not

im ply the regul ar adm i ssi bi lity ofspace M . At l east the operator A m ust

sati sfy som e condi ti ons,asthe f ol lowing theorem shows.

T heorem 5. 2 Let A be a cl osed operat or on a Banach space E wi th non-

em pty resol ventsetand suppose P (1) i s regul arl y adm issi ble with respectt o

the equat ion

u(n) (t)= A u(t)+ f(t), t∈ I R . (5. 1)

Then

(1) (2πki )n ∈ #(A ) and sup
k∈Z Z

‖((2πki )n − A )− 1‖ < ∞ ,

(2) i feach m i ld sol ution on P (1) bel ongs t o C(m ) (I R ,E ),0 m n,t hen

(2πki )n ∈ #(A ) and sup
k∈Z Z

‖k m ((2πki )n − A )− 1‖ < ∞ .

P roof . By assum pti on,P (1) i s a regul arl y adm issi ble functi on space,so,

by Theorem 4. 4,the Equati on A X − X Dn
P (1) = C hasa uni que sol uti on for

every bounded operatorC .H ence,by Theorem 3. 1(i i i),σ(A )∩ σ(D n
P (1) )= ∅.

O n the otherhand,i t i snothard to see thatσ(D n
P (1) )= {(2kπi )n :k ∈ Z Z}.

It f ol lows that σ(A )∩ {(2kπi )n :k ∈ Z Z} = ∅,or i n other words,{(2kπi )n :

k ∈ ZZ} ⊂ #(A ).

To prove (1),l etG :P (1)→ P (1)be the sol uti on operatorand take f(t)=

e2kπit x0,x 0 ∈ E ,as a 1- peri odi c functi on. It i s not too hard to check that

G f(t) = e 2kπit ·((2kπi )n − A )− 1x0 is the (uni que) m i ld sol uti on of (5. 1).

H ence,

‖((2kπi )n − A )− 1x0‖ = ‖G f‖ ‖G ‖ ·‖f‖ = ‖G ‖ ·‖x 0‖

foral lx 0 ∈ E and k ∈ Z Z.H ence sup
k∈Z Z

‖((2kπi )n − A )− 1‖ ‖G ‖ < ∞ .

To prove (2) observe that, si nce each m i ld sol uti on on P (1) bel ongs to
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C(m ) (I R ,E ),thecom posi teoperatorD m
P (1) G iseverywheredefined and cl osed.

H ence,i t i sa bounded operator.Thus,

‖D m
P (1) G f‖ = ‖(2kπ) m ((2kπi )n − A )− 1x0‖ ‖D m

P (1) G ‖· ‖f‖ = ‖D m
P (1) G ‖· ‖x 0‖

foral lx 0 ∈ E and k ∈ Z Z.H ence sup
k∈Z Z

‖k m ((2kπi )n − A )− 1‖ C. ‖D m
P (1) G ‖ f or

a certai n constantC ,and thatcom pl etesthe proof . ♣

The converse ofTheorem 5. 2 does general ly not hol d (see [ 5]f or a counter

exam ple). H owever,we have the affi rm ati ve answer i n certai n speci alcases.

If E i s a H ilbert space, n = 1 and A i s the generator of a C 0-sem igroup

(T(t)) t≥ 0 we have the f ol lowing theorem ,whose proofof(b) ⇒ (a) can be

found i n [11].

T heorem 5. 3 LetA be t he generat or ofa C 0-sem i group on a Hi lbertspace

E . Then t he fol lowing are equi val ent .

(a) For each 1-peri odi c funct ion f,equat ion

u′(t)= A u(t)+ f(t)

has a uni que 1- peri odi c m ild sol ut ion.

(b) {2πki:k ∈ Z Z} ⊂ #(A )and sup
k∈Z Z

‖(2πki− A ) − 1‖ < ∞ .

A lso,i fn = 2,m = 1 and A i s the generator ofa cosi ne fam ily (C (t)) on

a H ilbert space,we have a posi ti ve answer. N am el y,we have the f ol lowing

theorem ,whose proofofthe converse part(b)⇒ (a)can be f ound i n [10].

T heorem 5. 4 IfA i s t he generat or ofa cosi ne fam ily on a Hi lbertspace E ,

then t he fol lowing are equi val ent .

(a) For each 1-peri odi c funct ion f,equat ion

u′′(t)= A u(t)+ f(t) (5. 2)

has a uni que 1- peri odi c m ild sol ut ion,whi ch bel ongs t o C1(I R,E ).

(b) {− 4π 2k2 :k ∈ Z Z} ⊂ ρ(A )and sup
k∈Z Z

‖k(4π 2k2 + A )− 1‖ < ∞ .
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W enow apply theresul tsi n Chapter4 to A P (I R,E ),thespaceofal m ostpe-

ri odi c functi onsf rom IR to E .A spreparati on,we recal lsom e basi c concepts

and resul ts about al m ost peri odi c functi ons. (For m ore detai ls,readers are

ref ered to [ 2,7] ).A poi ntλ ∈ I R iscal led a poi ntofal m ostperi odi ci ty ofthe

functi on u,i fthere i sa nei ghborhood U ofλ such that f orevery φ ∈ L 1(I R)

with suppF φ ⊂ U, where F φ i s the Fouri er transf orm of φ, the f uncti on

φ ∗u i sal m ostperi odi c.The com pl em enti n IR ofthe setofpoi ntsofal m ost

peri odi ci ty ofu i scal led the al m ostperi odi c spect rum off and i sdenoted by

spA P(u).

W e say thatu ∈ B U C (I R,E ) i s t otal ly ergodi c i f l im
T → ∞

1
2T

∫ T
− T e− iνs u(s)ds ex-

ists f or al lν ∈ I R . The f ol lowing theorem can be f ound i n [7](part (a) and

(b))and [ 14](part (c)).

T heorem 5. 5 Letu ∈ B U C (I R,E )such t hatsp A P(u)i scount able. Assum e

that

(a) E � ⊇ c 0;or

(b) The range ofu(t) i s weakl y rel ativel y com pact ;or

(c) u i s t otal ly ergodi c.

Then u i s al m ostperi odi c.

W e now return to our hi gher order equati on. Let Γ be a com pact set i n IR

and M = X (Γ)be the subspace ofB U C (I R,E )consi sti ng ofal lf uncti onsf

with sp(f)⊂ Γ. It i seasy to see thatM sati sfiescondi ti on (4. 2).M oreover,

DM is bounded, σ(D M ) = i Γ and thus, σ(D n
M ) = (i Γ)n . A ssum e now

σ(A )∩ (i Γ)n = ∅,then,by Theorem 3. 1(i i),theequati on A X − X Dn
M = − δ0

has a uni que sol uti on. By Theorem 4. 4,M i s regul arl y adm issi ble and f or

any al m ost peri odi c functi on f, the m i ld sol uti on u(t) = X S(t)f i s al so

alm ostperi odi c.U si ng these f actswe have the f ol lowing

T heorem 5. 6 For t he equat ion

u(n) (t)= A u(t)+ f(t), t∈ I R , (5. 3)
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we assum e that f i s al m ost peri odi c and σ(A )∩ (i IR)n is count able. Let

u ∈ B U C (I R,E ) be a m i ld sol ution of Equat ion (5. 3). Then u i s al m ost

peri odi c i fone oft he fol lowing condi tions i s sat isfied.

(a) E � ⊇ c 0;or

(b) The range ofu(t) i s weakl y rel ativel y com pact ;or

(c) u i s t otal ly ergodi c.

P roofIn vi ew ofTheorem 5. 5,we have onl y to show thatsp A P(u) i scount-

abl e.Si nceσ(A )∩ (i IR)n iscountabl e,i tsuffi cesto provethat(i spA P(u)) n ⊂

σ(A ).

Let λ be any poi nt i n IR such that (i λ) n ∈ #(A ), we wi llshow that λ � ∈

spA P(u).Si nce#(A )i san open set,thereexi stsε> 0 such that(i Γ)n ⊂ #(A ),

where Γ = [ λ − ε,λ + ε] . Si nce Γ i scom pactand σ(A )∩ (i Γ)n = ∅,X (Γ) i s

regul arl y adm issi ble with respect to Equati on (5. 3).

Letφ bea f uncti on i n L 1(I R,E )wi th suppF φ ⊂ Γ,and define ˜ u := u∗φ and

f̃ : = f ∗ φ. Then ˜ u and f̃ are i n X (Γ) (Lem m a 2. 3(i ii)) and f̃ i s an al m ost

peri odi c functi on. M oreover, ˜ u is the uni que m ild sol uti on of (5. 3) corre-

spondi ng to f̃ i n X (Γ) (Rem ark i n Secti on 1). By the reasoni ng precedi ng

thi stheorem ,˜ u isal so al m ostperi odi c.So,λ i sa poi ntofal m ostperi odi ci ty

ofu,i .e.λ � ∈ sp A P(u),and the theorem i sproved. ♣
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