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A NOTE ON ALMOST PERIODIC SOLUTIONS OF SEMILINEAR

EQUATIONS IN BANACH SPACES

LAN NGUYEN

Abstract. In this article, we generalize the main result obtained by Bahaj in
[1]. Also our proof is shorter than the original proof.

1. Introduction

This article concerns the semilinear equation

u0(t) +Au(t) = f(t, u(t)), t ∈ R, (1.1)

where −A generates a C0-semigroup on a Banach space E and f is a continuous
function from R × E to E. In [1, Theorem 3.1], the existence and uniqueness of
almost periodic solutions to (1.1) was established under the following conditions:

(i) −A generates an analytic semigroup (S(t))t≥0 on X satisfying kT (t)k �
e−βt for some β > 0;

(ii) f(t, x) : R×D(Aα) 7→ E satisfying
(A1) f is uniformly almost periodic;
(A2) There are numbers L > 0 (sufficiently small) and 0 � θ � 1 such that

kf(t1, x1)− f(t2, x2)k � L(|t1 − t2|θ + kx1 − x2kα)
for t1, t2 in R and x1, x2 in D(Aα), where D(Aα) (α ≥ 0) is the domain of
the fractional power Aα with the norm kxkα = kAαxk.

In this note we generalize that result to an operator −A, which generates a C0
semigroup admitting an exponential dichotomy and to some subspaces of BC(R),
the Banach space of bounded, continuous function from R to E with the sup-norm.
Namely, we consider the following subspaces:
BUC(R), the space of bounded, uniformly continuous functions on R;
AP (R), the space of almost periodic functions on R;
P (ω), the space of ω-periodic functions;
C1 := {f ∈ BC(R) : limt→±∞ f(t) exists };
C0 := {f ∈ BC(R) : limt→±∞ f(t) = 0.
Recall, that a function f(t) : R 7→ E is called almost periodic if the set {fs : s ∈

R} is relatively compact in BC(R), where fs(·) := f(s+ ·) is the s-translation of f .
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Note that all above subspaces are Banach spaces with the sup-norm. In this note
we prove the following theorem.

Theorem 1.1. Let −A generate an analytic C0-semigroup T (t) satisfying {iλ :
λ ∈ R} ⊂ %(−A), let M be one of the above mentioned subspaces of BC(R), and
let f(t, x) : R×D(Aα) 7→ E, where 0 � α < 1, satisfy the following conditions

(B1) For each u ∈M, the function t 7→ f(t, u(t)) is inM;
(B2) For u and v in D(Aα) we have

kf(t, u)− f(t, v)k � LkAαu−Aαvk. (1.2)

Then Equation (1.1) has a unique mild solution (defined below) in M for a suffi-
ciently small L. Moreover, if f(t, x) satisfies condition (B1) and (A2), then this
solution is a classical solution.

It is easy to see that the main result in [1] is a particular case of Theorem 1.1,
whenM = AP (R) and σ(−A) ⊂ {λ ∈ C : Reλ < −β} for some β > 0.

2. Preparation and Proof of Theorem 1.1

To prove Theorem 1.1, we first consider the linear equation

u0(t) +Au(t) = f(t), t ∈ R, (2.1)

where −A generates a semigroup (T (t))t≥0. A continuous function u is called a
mild solution to (2.1) if it satisfies

u(t) = T (t− s)u(s) +
Z t

s

T (t− τ)f(τ)dτ, t ≥ s.

Similarly, a mild solution to (1.1) is of the form

u(t) = T (t− s)u(s) +
Z t

s

T (t− τ)f(τ, u(τ ))dτ, t ≥ s.

Suppose M is a closed subspace of BC(R). We say that M is admissible with
respect to (w.r.t. for short) Equation (2.1) if for each function f ∈M, Equation
(2.1) has a unique mild solution u ∈M. Over the last two decades, the study of the
admissibility of BC(R) and the above mentioned subspaces w.r.t. Equation (2.1)
has been of increasing interest (see e.g. [7] and [8]). Recently, to the nonautonomous
equation

u0(t) +A(t)u(t) = f(t), t ∈ R, (2.2)

the admissibility of several spaces, such as BUC(R), Lp(R) and AP (R) has also
been intensively investigated (see e.g. [2, 3, 5] and references therein). In both cases,
it is involved with the concept so-called exponential dichotomy of a C0-semigroup
(or of an evolution family, in nonautonomous case). Recall, a C0-semigroup T (t)
has an exponential dichotomy if there exist a projection operator P ∈ B(E) and
two numbers M > 0, δ > 0 such that

(i) PT (t) = T (t)P for all t ≥ 0;
(ii) kT (t)Pxk � Me−δtkPxk for all x ∈ E and t ≥ 0;
(iii) T (t)(I − P ) extends to a C0-group on N(P ), the nullspace of P , and

kT (t)(I − P )xk � Meδtk(I − P )xk for all x ∈ E and t � 0.
We have the following result ([7, Theorem 4]).

Theorem 2.1. The following three statements are equivalent.
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(i) Operator −A generates a C0-semigroup, which admits an exponential di-
chotomy.

(ii) For each function f ∈ BC(R), Equation (2.1) has a unique mild solution
in BC(R).

(iii) S = {µ ∈ C : |µ| = 1} ⊂ %(T (t)) for one (all) t > 0.
In this case, the mild solution of Equation (2.1) has the form

u(t) :=

Z ∞
−∞

G(t− s)f(s)ds, where G(t) :=

(
T (t)P for t > 0,

−T (t)(I − P ) for t < 0

which is the Green’s kernel. Moreover, u ∈M whenever f ∈M, whereM is one
of the above mentioned subspaces of BC(R) ([7, Theorem 5]). If A now generates
an analytic semigroup, then Aα is given by

Aαx = AαPx+ eαπi(−A)α(I − P )x.
We have the following lemma.

Lemma 2.2. If −A generates an analytic semigroup, then u(t) ∈ D(Aα) for 0 <
α < 1, and kũk � Ckfk, where ũ(t) := Aαu(t), for some C > 0.
Proof. First note that for each t > 0, AαT (t) is a bounded operator and kAαT (t)k �
Mt−αe−βt for some positiveM and β ([6, Theorem 2.6.13]). Hence,

R∞
0 kAαT (t)kdt �

M1 <∞. Using this fact we have

kAαu(t)k = k
Z ∞
−∞

AαG(t− s)f(s)dsk

� k
Z t

−∞
AαT (t− s)Pf(s)dsk+ k

Z ∞
t

(−A)αT (t− s)(I − P )f(s)dsk
= I1 + I2,

where

I1 �
Z t

−∞
kAαT (t− s)k · kfkds =

Z ∞
0

kAαT (s)kds · kfk � M1kfk

and

I2 �
Z ∞
t

k(−A)αT (t− s)(I − P )f(s)kds

=

Z ∞
0

k(−A)αT (−s0)(I − P )f(s0 + t)kds0

�
Z ∞
0

k(−A)αT (−s0)k · k(I − P )f(s0 + t)kds0

� M1kfk.
Hence, kAαu(t)k � 2M1kfk for each t ∈ R. ¤

We now turn to (1.1). First, we state a preliminary result.

Lemma 2.3. Let −A generate a C0-semigroup and B be an invertible operator on
E, andM be a closed subspace of BC(R) with the property: M is admissible w.r.t.
(2.1) and ũ(·) := Bu(·) ∈M and kũk � Ckfk for each f ∈M. Moreover, suppose
f(t, x) : R×D(B) 7→ E satisfying

(B1) For every u ∈M, the function t 7→ f(t, u(t)) is inM;
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(B2) For u and v in D(B) we have

kf(t, u)− f(t, v)k � LkBu−Bvk. (2.3)

Then Equation (1.1) has a unique mild solution in M for L small enough.

Proof. Let K :M 7→M be the operator defined as follows: For each f ∈M, Kf
is the unique mild solution to (2.1). Then K is a linear and bounded operator on

M. For each u ∈M put ũ(t) := f(t, B−1u(t)). Define the map K̃ :M 7→M by

(K̃u)(t) := B(Kũ)(t).

By the assumption, B(Kũ)(·) also belongs to M. Hence K̃ is well defined. If u
and v are inM, we have

k(K̃u)(t)− (K̃v)(t)k = kB(Kũ)(t)−B(Kṽ)(t)k
= kB[(Kũ)(t)− (Kṽ)(t)]k
� C · supt∈Rkf(t, B−1u(t))− f(t,B−1v(t)k
� C · Lku− vk.

Hence kK̃u−K̃vk � C ·Lku−vk. So K̃ is a contraction map for sufficiently small L.

Let φ(t) be the unique fixed point of K̃, then it is easy to see that u(t) = B−1φ(t)
is the unique mild solution of (1.1) inM. ¤

Proof of Theorem 1.1. Since−A generates an analytic semigroup, the spectral map-
ping theorem holds, i.e., σ(T (t)) = etσ(−A) ([4, Corollary III.3.12]). Hence, condi-
tion {iλ : λ ∈ R} ⊂ %(−A) implies that (T (t)) admits an exponential dichotomy,
and hence, space BC(R) is admissible w.r.t. Equation (2.1).
Define the operator K̄ : BC(R) 7→ BC(R) by follows: for each f ∈ BC(R),

(K̄f)(t) := Aαu(t), where u(t) is the unique solution to (2.1).Then K̄ is a linear
and, by Lemma 2.2, bounded operator. We now apply Lemma 2.3 with B = Aα, and
it suffices us to complete the proof by showing that K̄ leaves all above mentioned
subspaces of BC(R) invariant.
Let ft(·) := f(· + t) be the left translation of a function f . It is easy to see

that K(ft) = (Kf)t, and this yields K̄(ft) = (K̄f)t. Hence, P (ω) and AP (R) are
invariant w.r.t. K̄. Moreover, k(K̄f)t − K̄fk = kK̄ft − K̄fk � kK̄k · kft − fk,
which shows that BUC(R) is also invariant w.r.t. K̄. Finally, since Kf(±∞) =
A−1f(±∞), we have K̄f(±∞) = Aα−1f(±∞), and this proves that K̄ leaves C1
and C0 invariant. ¤
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