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Abstract

For the degenerate differential equation 4 Bu(t) = Au(t)+f(t), t €
R (*) on a Banach space E, we characterize the regular admissibility
of a subspace of BUC(IR, E) in terms of solvability of the operator
equation of the type AX — XBD = C. As applications, we prove
the existence of A—class mild solutions of (*), in particular, of almost
periodic, asymptotic almost periodic, etc. solutions.
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1 Introduction

The qualitative theory of mild solutions on the line of the differential equation

of the type
u'(t) = Aul(t) + (1), t € R, (1.1)



where A is a closed operator on a Banach space E, has been of increasing
interest in the last decades. If A is a bounded operator on E, mild solutions
of (1.1), which are the same as the classical solutions, are defined by

uu):emumy+42%“@f@yk, teR. (1.2)

In their book [4], Daleckii and Krein made a systematic study on the asymp-
totic behavior of solutions of the form (1.2). For unbounded operator A,
where the situation changes dramatically, the first question is, which solu-
tions of (1.1) are considered as mild solutions. If A is the generator of a
Co-semigroup 7'(t), t > 0, mild solutions of (1.1) are defined by

t
u(t) =T(t — s)u(s) —{—/ Tt—71)f(r)dr, t>s. (1.3)
With this definition in hand, many authors investigated the qualitative be-
havior of (1.3) in different ways (see [16], [18], [23], [24], [26], and references
therein).

In this paper, we are concerned with the degenerate differential equation

%BMQ:AMﬂ+ﬂ®, (1.4)
where A and B are closed, densely defined operators on E and f is a continu-
ous function from IR to E. Equation (1.4) with initial condition Bu(0) = uy,
which is called the degenerate Cauchy problem (B may have no bounded
inverse), or also the equation of Sobolev type, has been studied by many au-
thors (see e.g. [6], [7], [8], [19], [20], [25], [27] and references therein). In this
paper, we consider (1.4) on the line IR. First, we give a general definition of
mild solutions to (1.4). This definition is an extension of that introduced in
[1], where B = Id and A generally is not the generator of a Cy-semigroup.
Several properties of mild solutions are then shown in Section 2.

Assume that M is a closed, translation-invariant subspace of BUC(IR, E).
M is said to be reqularly admissible with respect to Equation (1.4), if for ev-
ery f € M Equation (1.4) has a unique mild solution u € M, and the mild
solutions are continuously dependent on the inhomogeneity. Closely related



to the regular admissibility of M to Equation (1.4) is the solvability of the
operator equation
AX — BXD = —. (1.5)

For this purpose, in Section 3, we consider the operator equation of type
AX — BXD =C, (1.6)

where A and B are linear (generally unbounded) operators on F, D is an
operator on F' and C is a bounded operator from F' to E, being two Ba-
nach spaces. In order to study Equation (1.6), we investigate o(A, B), the
spectrum of the operator pencil A\B — A. Moreover, we define the operators
Ta,p and 75 on L(E, F) by

TAijDX = AX — BXD

and
83X = BX,

and show that
0(A,B) —o(D) C o(Tap,p,TB)- (1.7)

In particular, from (1.7) we obtain that, if Equation (1.6) has a unique
bounded solution for every bounded operator C, i.e. 0 € o(7a 5.p,75), then
o(A,B)No(D) = 0. The proofs in this section are based on the technique
introduced in [2].

In Section 4 we characterize the regular admissibility of M in terms of solv-
ability of the operator equation. Namely, we show that a subspace M is
regularly admissible w.r.t. (1.4) if and only if, for every bounded operator
C, Equation(1.6) has a unique bounded solution. As applications, we derive
several results on particular subspaces. Among those results we obtain that,
if the admissible subspace M is the space of continuous, periodic functions
with period w, then sup (3£ B — A)~!|| < oo is a necessary condition for the
S

regular admissibility of M. Related results are in [26], where A generates a
Cp-semigroup.

In Section 5, we prove that under certain classical conditions, each bounded
mild solution of Equation (1.4) is of A-class if f is of A-class. This result,



shown by a short proof, generalizes a result of Batty and Arendt [1, Theorem
4.5).

2 Mild Solutions of the Degenerate Equation

Let us first introduce the concept of the spectrum of an operator pencil.
Suppose A and B are two linear, closed operators on E. With Dom(A)
we denote the domain of operator A. The operator pencil AB — A with
Dom(AB — A) :== Dom(A) N Dom(B) is defined by

(AB — A)x := ABx — Ax.

By the resolvent set o(A, B), we denote the set of all A € €, such that
AB — A is bijective and (AB — A)~! is bounded in E. The spectrum of
(AB — A) is defined by o(A,B) := C \ o(A,B). The bounded operator
R()\) := B(AB — A)~! is called the resolvent operator. Moreover, the point
spectrum, the approximate spectrum, and the residual spectrum are defined
as the following.

0p(A,B) :={\ € C:3z #0, Az = A\Bz}.

owp(A,B): = {Ae C: There is a sequence (z,), such that ||Bz,| =1
and (AB — A)z,, — 0}.
0.(A,B) :={\ € C: Range(AB — A) is not dense}.

It is not hard to see that 0,(A, B), 0,,(A, B) and 0,(A, B) are contained in
o(A, B). Moreover, we have

Lemma 2.1 Let A and B be closed operators on E. Then
(1) o(A, B) is an open set in C;

(i) The approzimate spectrum o.,(A, B) contains the boundary 0o (A, B)
of o(A, B);



(iii) X — R(\) and A\ — (AB — A)~! are holomorphic functions on o(A, B).
Moreover, the following equality holds

R(A) = R(p) = (n = M) R(p)R(X).
Proof. (i) Let A € o(A, B) and | — A| 0> 1/[|B(AB — A)~"||. Then
(uB —A)=(AB—A) = (A= p)B=[I - (A= p)B(AB — A)|(AB — A)
is invertible. Moreover,
(uB = Ayt =(AB—A) I - (A= p)BAB A" (28)

is a bounded operator. Hence, u € o(A, B) and therefore, o(A, B) is open.

(73) Let Ao € 0o (A, B). Then we can find a sequence (A, )new C 0(A, B) such
that A, — A¢. From the proof of part (i), we obtain

| BB — A) 7Y > 1/|A — Au| = 0

as n — oo. By the uniform boundedness theorem, there is a vector z € X
such that ||z|| =1 and ||B(A\,B — A)"!z|| — oo as n — oo. Define

T, = (\,B — A)'z/||B(\,B — A) 'z,
then ||Bz,|| =1 and
(MB — Az, = (MB — A)zy, + (Ao — \y) Bz, — 0

as n — oo. Hence, A\g € 04,(4, B).

(79) From (2.8) it follows

R(p) —R(\) = BAB-A)[(I-A-wBAB-A)") -1
= BOB- A Y (-0 [BOB - 4
— Oas pu— A .



Hence, R()) is continuous. Furthermore,

R(\) = R(n) = B[l —(uB—A)'(AB-A)](AB-A)"
B(uB — A 'uB - A— (AB — A)|(AB — A)™*
(= N[B(uB — A)[BOAB - A)7Y]

= (L=NR(u)R(),

which implies that R(A) is holomorphic. Similarly, the continuity of A —
(AB — A)~! comes from

(AB—A)" = (uB—A)" = (AB—-A) - \-pBAB—-A)") 1]
= OB- AT SO BOB - A
— Oaspu— A\ )

Finally, from the identity
(B = )" — (uB — A)* = (1~ \)AB — A) B(uB — A)"
it follows that A — (AB — A)~! is a holomorphic function on o(A, B). &

We now introduce classical and mild solutions of the degenerate equation

d
2 Bult) = Au(t) + f(0). (2.9)

Definition 2.2 a) We say that a continuous function u : R — E is a
classical solution of (2.9), if u € D(A) N D(B), Bu € CY(R, E) and (2.9) is
satisfied.

b) A continuous function u : R — E is called mild solution of (2.9), if
u € D(B), Bu(t) € C(R, E), Jiu(s)ds € D(A) and

Bu(t) = Bu(0) + A/Otu(s)ds + /Ot f(s)ds (2.10)

for all t € R.

Note that if B = I and A is the generator of a Cy—semigroup (7(¢)), then
the mild solution of the form (2.10) coincides with the solution (1.3).



Lemma 2.3 Let u be a mild solution of (2.9). If Bu is in C'(R, E), then u
18 a classical solution.

Proof. Let uy, := 5 0 (s)ds, then }llir% up = u(t). Moreover,
—

1 t+h
limp_oAu, = lz’mh_mEA/ u(s)ds
t

. 1 t+h t
= lzmhﬁOE(A/o u(s)ds — A/O u(s)ds)

d t

— %(A/o u(s)ds)

_ %(Bu(t)—Bu(O)—/o F()
d

which exists. Since A is a closed operator, we obtain u(t) € D(A) and

Au(t) = %Bu(t) - £t)

for all t € IR. Thus, wu is a classical solution. &

The Carleman transform of a function u € L>*(IR, E) is defined by
Jo e Mu(t)dt, Re(N) >0
() = (2.11)
— [0 e Mu(t)dt, Re(\) <0

It is clear that @ is holomorphic on € \iIR. A point u € IR is called a regular
point of u if & has a holomorphic extension in a neighborhood of iu. The
spectrum of u is defined as follows

sp(u) = {p € R : u is not regular }.
It turns out (see [1]) that this spectrum coincides with the Beurling spectrum
sp(u) = {N € R : Ve >0 3p € L'(R) s.t. suppFé C (A—e, Are) and uxg # 0},

where

Fot)= [ e o(s)ds



is the Fourier transform of f. In the following lemma, we summarize some
important properties of this spectrum, whose proof can be found in [10] and
[17].

Lemma 2.4 Let f, g be in BUC(IR, E) and ¢ € L*(RR, E). Then
(i) sp(f) is closed and sp(f) = O if and only if f = 0.
(1) sp(f +g) C sp(f) + sp(g)-
(iii) sp(f * ¢) C sp(f) N suppF¢, where F¢ is the Fourier transform of ¢.

Taking now the Carleman transform on both sides of Equation (2.10) we

obtain .

Bi()) = Bu(0) + ;Aﬁ()\) +2f),

> =

(AB — A)a()\) = Bu(0) + f())

for A ¢ iIR. Hence, for A € o(A, B) we have
i(\) = (AB — A1 (Bu(0) + f(V).

From Lemma 2.1(4ii) this implies that, if 4 € R is a regular point of f and
it € o(A, B) then 4 has a holomorphic extension in a neighborhood of iy,
i.e. p is a regular point of u. So, we have in fact proved the following

Theorem 2.5 Let f be a bounded continuous function and u be a bounded
mild solution of Equation (2.9). Then the following holds.

sp(u) € {pu € R:ip € o(A, B)}Usp(f).
From Theorem 2.5 we obtain the following corollaries.

Corollary 2.6 Ifu is a bounded mild solution of Equation (2.9) correspond-
ing to f =0, then isp(u) C o(A, B) NiR

Corollary 2.7 If 0(A,B) NilR = 0, then Equation (2.9) has at most one
bounded mild solution.



We close this section with the following lemma, which will be used later.

Lemma 2.8 If u is a mild solution of Equation (2.9) corresponding to
f, then S(h)u is a mild solution of (2.9) corresponding to S(h)f, where
S(h)z(t) :== z(t + h).

Proof. Let u be a mild solution corresponding to f, then

BS(h)u(t) = Bu (t+h
= —|—A/ ds+/t+h s)ds

- (Bu +A/ ds+/f ds)
A/ sd&+/
— BS(h)u(0) + A /OtS(h)u(s)der /0 S(h)f(s)ds

Hence, S(h)u is a mild solution corresponding to S(h)f. &

3 The Operator Equation AX — BXD =C

Let A and B be closed operators on a Banach space E/, D be a closed, densely
defined operator on Banach space F' and C' be a bounded operator from F
to E. By Dom(A) and Range(A) we denote the domain and the range of
any operator A, respectively. A bounded operator X : ' — FE is called a
bounded solution of the operator equation

AX —-BXD=C (3.1)

if Range(X) € Dom(B) and for each f € Dom(D), Xf € Dom(A), and
AXf—-BXDf=Cf.

A special case of Equation (3.1), where B = Id, i.e.

AX — XD =C, (3.2)

has been intensively considered by many authors (see [4, 9, 22, 24, 26] and
the references therein). If B is bounded and invertible then we can convert



Equation (3.1) into Equation (3.2) by multiplying both sides of (3.1) by B~!.
If B is not invertible, then the situation is quite different, even when A or
B, or both are bounded operators. Closely related to Equation (3.1) are the
two operators 74 g p and 75 on L(F, E') defined as follows.

(i) Dom(tapp) ={X € L(F,E) : XF C Dom(B),XDom(D) C Dom(A)

and 3Y € L(F, E) such that AXy — BXDy =Yy Yy € Dom(D)}
and

TABDX =Y
(ii) Dom(7g) = {X € L(F, E) : Range(X) C Dom(B)} and 75X := BX.
To study these operators, we introduce the rank-one operators on L(F, E)
as follows: For any x € F and ¢ € F’, we define the bounded operator
X¢,:c S L(Fv E) by
qu,x(y) =< Y, ¢ > .

We have the following

Lemma 3.1 (cf. [2, Lemma 1.3]) Let ¢ € F'\{0} and © € E such that
Bz # 0. Then X,, € Dom(tapp) if and only if x € Dom(A) N Dom(B)
and ¢ € Dom(D’). In this case Tapp(Xew) = Xp .40 — XDrg Bz

Proof. Let Xy, € Dom(74,p,p). Then X4 ,Dom(D) € Dom(A) and X4, F €
Dom(B). It follows that © € Dom(A) and = € Dom(B), i.e., x € Dom(A)N
Dom(B). Let Y = 74 5 pXy., then, for each y € Dom(D), we have

Yy=<y,é> Ax— < Dy, ¢ > Bux. (3.3)
Let ¢ € E' with < Bz,1¢ >= 1. Using (3.3) we obtain
<Yy >=<y,¢ >< Az, > — < Dy, ¢ >,
SO

<Dy,p> = <y, ¢p><Ax,p > — <Yy, >
= <y, <Az, >¢d—-Y') >



for all y € Dom(D). It follows that ¢ € Dom(D’) and D'¢p =< Ax,¢ >
¢ —Y'.

Conversely, if x € Dom(A) N Dom(B) and ¢ € Dom(D'), then it is easy to
see that Xy, F C Dom(B), X4 ,Dom(D) C Dom(A). Hence,

TaBD(Xox)y = AXyay — BXy,Dy
= <y,¢p>Ar— < Dy,¢ > Bz
<y,¢>Axr— <y,D'¢ > Bx
= X4.42Y — XDrg BzY
for every y € Dom(D). It follows that 74 p p(Xs.) is a bounded operator
from F to E, and hence, Xy, € Dom(Tapp)- &

Using Lemma 3.1, we obtain

Lemma 3.2 i) The following holds

Oap(A, B) — 04p(D") C 0(Ta,B,0, TB);
i1) If D(A) N D(B) is dense in E, then

Oup(A', B") — 045(D) C 0(TaB.D,TB)-

Proof. Both parts of this Lemma will be proved by using the technique used
in [2, Lemma 2.2]. We present here the proof of part i). Part i) can be
proved with similar modification, and is ommited.

Let X € 04p(A,B) and p € 04p(D’). Then there exist xz, € Dom(A) N
Dom(B) such that ||Bz,|| = 1 and (AB — A)z,, — 0, and ¢, € Dom(D’)
such that ||¢,|| =1 and (ux — D")¢,, — 0 for n — oc.

Define X,, := X, 4,; then, by Lemma 3.1, X,, € Dom(74,5p) N Dom(7s).

Moreover, 75(X,,) = X4, Bsz, and hence, ||[75X,| = ||Bz,| = 1. Again, by
Lemma 3.1, we have

I{A = )78 = T4l (Xn)ll = (A = )Xo, Ba, = (Ko a2, = XDr6, B2,

- ||X¢ny()\B*A)1'n - X(/L*D'Mn,an ||
0 [AB = A)zn|l + [[( = D)@l - | Bzwll — 0.



Thus, (A — u) € 0up(Ta 5D, 78) C 0(Ta,B.D,TB)- &

We now are in a position to state the main result of this section.

Theorem 3.3 Assume that 0(A, B) # C or (D) # C. Then
0(A,B) —o(D) C 0(TaB.p,TB)- (3.4)

For this we use the following lemma, whose proof can be found in [2, Lemma
2.3].

Lemma 3.4 Let N, M be closed subsets of C such that M # C or N # C.
Then M — N C (OM — N)U (M — ON).

Proof of Theorem 3.3. By Lemma 2.175) we have Jo(A, B) C 04(A, B).
Thus, by Lemma 3.23,

00(A, B) — 04p(D") C 04p(A, B) — 04p(D') C 0(TaB.p,TB),
and by Lemma 3.2,11),
00(4, B) — 0ap(D) = 00(A', B) - 00p(D)
C 0up(A,B') — 04p(D) C o(Tap,p,TB).
Hence,

do(A,B) —o(D) C 9o(A,B) — (04p(D) Uoa(D"))
= (00(A, B) — 04(D)) U (90(A, B) — Uap(D/))

C J(TA,B,D7TB)'

Similarly, we have o(A, B) — do(D) C o(Tap.p, 7). Using Lemma 3.4, we
obtain 0(A, B) — o(D) C 0(Ta,B,p,Ts), and the theorem is proved. &

In particular, Theorem 3.3 implies
Corollary 3.5 If for every bounded operator C : F + E, the equation
AX —-BXD=C

has a unique bounded solution, then o(A, B)No(D) = 0.



Proof. From the assumption it follows that 0 € o(74 5 p) and thus, 0 €
o(Ta.B,p,T8). By Theorem 3.3, it implies 0 € 0(A, B) —o(D), i.e. o(A,B)N
a(D) = 0. )

The converse of Corollary 3.5 is generally false, even for the case when B =
I (see [22, Example 9]). However, it holds in some particular cases. For
example, when B = I, and A and D generate Cy-semigroups, one of which
is eventually norm continuous (see [2]), and the following case.

Theorem 3.6 Let A, B be closed operators with Dom(A) N Dom(B) dense
in E, and D be a bounded operator. If the spectra o(A, B) and o(D) are
disjoint, then, for every bounded operator C, Equation (2.9) has a unique
bounded solution. More precisely, if T' is a Cauchy contour around o(D) and
separated from o(A, B), then

1
X=-—— B—A)! — D) td. .
o F(/\ ) C(A ) dA (3.5)

Proof. We first show that X defined by (3.5) is a solution of Equation (3.1).
To this end, let X be given by (3.5). Then it is easy to see the following:
(i) Xf € Dom(A) for every f € F' and

AXf = - [ AB — A)C(A— D) faX;

21

(i) X f € Dom(B) for every f € F and

BXf_—i B(AB A)IC(N = D)t fd,

2me
(iii) [p(AB — A)"'d\ = 0 and thus, fp BOAB — A)~1d)\ = 0.
Let now f € Dom(D). Using (1), (i) and (74) we obtain

AXf = 2m/A)\B AT\ — D)L fdA

- 2m/{)\B (AB — A)}(AB — A)'C(A — D)L fdA

- /ABAB A0\ — D) 1fd>\+—/0)\ D)~Lfdx

27m

- /B)\B A)"IC[(A — D) + D)(A — D)\ fdr + C'f

o



- L / BOAB — A)1CfdA — —— / BOAB — A)"'\C(A — D)"'Dfdx + Cf
2im Jr 2im Jr
— BXDf+Cf.
Hence, X is a solution of (3.1). Conversely, if X is a solution of (3.1). Then
C =BX(\—D)— (AB — A)X.
It follows that

(AB—A)'CA-D)'=(AB-A)"'BX-X(\-D)"

Hence,
1 1
— [(AB=A)'CcOA=D)td\ = — [ (AB—A)"'BXd)\
21 r( ) ( ) 21 F( )
1
——— | X(A\=D)tdx
21 /F ( )
= X,

and the theorem is proved &

4 Regularly Admissible Subspaces

A closed, translation-invariant subspace M of BUC(R, E) is said to be reg-
ularly admissible with respect to equation

d
ZBu(t) = Au(t) + /(). (4.1)

if

(1) for every f € M, there exists a unique mild solution uw € M of (4.1)
and

(1) fn — f in M implies u, — u, where u and wu,, are the mild solution
of (4.1) corresponding to f and f,, respectively.

If M is a regularly admissible, we define the operator G : M — M as
follows: Let f € M, then Gf is the mild solution of (4.1) corresponding to
f. From (i7) it follows that G is a bounded operator. G is called the solution
operator of Equation (4.1).



Lemma 4.1 Suppose M is a regqularly admissible subset of BUC(R, E) and
f e M with f' € M. Then u, the mild solution corresponding to f, is
differentiable and v’ is the mild solution corresponding to f'(t).

Proof. Let f € M with f' € M and u be the mild solution corresponding to

f. By Lemma 2.8 we have GS(h)f = S(h)Gf, where S(h) is the translation
operator on M. Hence, we have

u(t + h) — u(t) (S(WGf - Gf)

l'imh_m h = l'imh_m A (t)
— limh%W@
= (@limyo I
= (Gf)®).

Thus, u is differentiable and u’ is the mild solution corresponding to f'. &

In what follows, we assume that M satisfies the following additional assump-
tion:

For allC € LIM,E) and f € M, (4.2)

the function ®(t) = CS(t)f belongs to M.

The admissibility of a space is closely related to the solvability of the operator
equation (3.1), as the following Theorem shows.

Theorem 4.2 Let A be a linear, closed, densely defined operator and B be
a bounded operator on E, and let M be a translation invariant subspace
in BUC(R, E) satisfying condition (4.2). Let 9 : M — E be defined by
do(f) = f(0) and Drg : Dom(Dprg) — M by:

Dom(Dm) ={f eM: f' € M} and Dmf = f'.
Then the following statements are equivalent.

(i) M is a regqularly admissible subspace w.r.t. (4.1).



(i) The operator equation
AX — BXDy = —0y (4.3)
has a unique bounded solution.

(iii) For every bounded operator C : M — E, the operator equation
AX — BXDy =C (4.4)
has a unique solution.

Proof (i) = (i7). Let G : M — M be the solution operator, i.e. Gf is the
unique mild solution of (4.1) in M. Define the bounded operator X : M — E
by Xf := (Gf)(0). If f € Dom(Dn), then, by Lemma 4.1, u = Gf is a
classical solution to (2.9) and

d

BG(f)(t) = - B(Gf)(t) = AGS)W) + f(). (4.5)

Taking ¢t = 0 from (4.5), we obtain AXf — BXDyf = —dof. So, X is a
bounded solution of (4.3).

Conversely, let X be any bounded solution of (4.3) and f € Dom(Dpy).
Defining u(t) := XS(t)f, then u € M and

%Bu(t) — BXDuS()f = (AX + 60)S(t)f = Ault) + f(2),

i.e. u is a classical, and thus, a mild solution of Equation (4.1).

To show the uniqueness of X, assume that there is another bounded solution
of equation AX — BXDy = —dy, say Xo. Define ug(t) = XoS(¢)f, then wg
is another mild solution of (4.1) in M. By the uniqueness of the solution of
this equation, we have u = ug, which implies X = Xj,.

(i7) = (i13) Let X be the unique solution of (4.3). We define the bounded
operator Y : M — E by Yf := Xf, where f(t) = —CS(t)f. If f €
Dom(Dy), then (Dpf)(t) = —CSt)Damf = Damf(t). Hence,

AY f = AXf = (BXDr — &) f = BXDupf + Cf = BYDuf + CY,



i.e. Y is a bounded solution of (4.4).

The uniqueness of the solution of operator equation AX — BXDy = C
follows directly from that of the solution of AX — BXDy = —dy.

(1) = (i) We have shown above that, if X is a bounded solution of (4.3)
and f € Dom(Dp), then u(t) := XS(¢t)f is a mild solution of Equation
(4.1). We will show this is also true for every f € M. Let f € M. Since
Dom(Dp) is dense in M, there exists a sequence {f,} C Dom(Dn) such
that f, — f in M. Put u,(t) :== XS(t) fn, then u,(t) — u(t) = XS(t)f in
M. Hence [} u,(t)dr — [§u()dr and

A/Otun(s)ds = Bu,(t) — Bu,(0 /fn
— Bu(t /f

as n — o0o. Since A is closed, we have [j u(s)ds € Dom(A) and

¢
A/ s)ds = Bu(t) — Bu(0) —/ f(s)ds,
0
i.e. u is a mild solution to (4.1).

Next, we show that u(t) = XS(¢)f is the unique solution to (4.1). To this
end, assume that (4.1) has another mild solution, say uy. Put v := u — ug,
then v is a mild solution of the homogeneous equation 4 Bu(t) = Au(t),
t € R. By Corollary 2.6, isp(v) C o(A, B). On the other hand, since v € M,
isp(v) € o(Dnm) ([23, Proposition 3.4]. So, isp(v) C (A, B) Na(Dy). By
Corollary 3.5, statement (i77) implies that o(A, B) N (D) = (0. Hence, we
have sp(v) =0, so v = 0.

Finally, if f, — f in M, then, from the identities u,(t) = XS(t)f, and
u(t) = X S(t)f, it is easy to see that u, — u in M. Hence, M is regularly

admissible , and the theorem is complete. )

From Theorem 4.2, it follows

Corollary 4.3 Suppose A is a linear, closed, densely defined operator and
B is a bounded operator on a Banach space E, and A is a subset of R. Let
X (A) denote the subspace of BUC(IR, E) which contains all functions f with

sp(f) C A.



(1) If X(A) is reqularly admissible w.r.t. (4.1), then iA C o(A, B) and
there is a constant C' such that

|(GAB — A)~Y| [ C for all X € A; (4.6)

(11) If A is compact, then X(A) is regularly admissible w.r.t. (4.1) if and
only if iA C o(A, B).

Proof. (i): It is well-known that o(Dxa)) = iA (see e.g. [1]). Assuming that
X(A) is regularly admissible w.r.t. (4.1), then, by Theorem 4.2, equation
AX — BXDx(a) = C has a unique bounded solution for every bounded C.
Hence, by Corollary 3.5, we have 0(A, B)NA = (A, B)No(Dx(a)) =0, or,
equivalently, iA C o(A, B).

Let G be the solution operator and x, be any vector in E. Put f(t) := e”\ta;
where A\ € A; then it is not hard to see that f € X(A) and (G f)(t) = ey,
where yo = (iAB — A)"'zo. Hence,

1GAB — A)" ol = |GAI DG Il =G - [l

for all zp € E and A € A. Hence |(tAB — A)7 || U |G| < oo.

(i) If A is compact, then Dx(a) is a bounded operator on X(A) (see [5]).
So, from Theorem 3.6 it follows that equation AX — BXDx ) = C has a
unique bounded solution for every bounded C'. By Theorem 4.2, X(A) is

regularly admissible w.r.t. (4.1). &

We now apply Corollary 4.3 to P(w), the space of all continuous, periodic
functions with period w. It is not hard to see that P(w) = X(A), where
A = {27 . k € Z}. Hence, by Corollary 4.3, if P(w) is regularly admissible

w.r.t. (4.1), then
2mik c

o(A,B) for all k € Z

and
2mik

sup [[(—B — A) 7| < oo.
kEZ



5 Mild solutions in subspaces of A—class

In this section we use the results obtained in the previous sections to investi-
gate the case, in which the subspace M is generally not regularly admissible
w.r.t. (4.1) in the sense that Equation (4.1) can not be solved uniquely. In
this situation, we will find conditions on A and B such that every bounded
mild solution of (4.1) will belong to M. For the case when B = I, this
problem has recently been of great interest (see [3, 18], when A is generator
of a Cy semigroup and [1, 13, 14], when A is a closed operator). Using the
results obtained in Section 3 and 4, we will prove e.g. that under some clas-
sical condition, every bounded mild solution of Equation (4.1) is (weakly)
(asymptotically) almost periodic whenever f is so, provided o(A4, B) N iR
is countable. The proofs are quite short. Note that the method of sums
of commuting operators introduced in [13] can not apply to our situation,
since A and B are not commuting. We begin with the definition of a A—class
subspace.

Definition 5.1 (cf. [3, Definition 2.1]) A closed, translation invariant sub-
space M C BUC(IR, E) is said to be a A—class if it satisfies

(i) M contains all the constant functions;
(ii) It u € M and X € R then uy € M, where uy(t) = eu(t).
(iii) If u € M and B € L(E, E), then Bu € M, where (Bu)(t) = Bu(t).

Typical examples of A—classes are the following spaces (for the definition of
these spaces see e.g. [11, 18]).

+) AP(IR, E), the space of almost periodic functions.
+) AAP(IR, E), the space of asymptotically almost periodic functions.

+) WAAP(IR, E), the space of weakly asymptotically almost periodic
functions.

Let M be a A—class and v € BUC(IR, E). We say that the number A € R



is a M—regular point of u, if there exists a number € > 0, such that for every
function ¢ € L*(IR) with suppF¢ C [A — €, A + €], ¢ * u € M. The comple-
ment set in IR of all M-regular points is called the M —spectrum of u, and
denoted by spa(u).

We now return to Equation (4.1) and assume that A is a closed, densely
defined and B a bounded operator on E. Let A be a compact set in IR
and X (A) the subspace of BUC(IR, E) consisting of all functions f with
sp(f) C A. Tt is easy to see that X (A) satisfies condition (4.2). By Corol-
lary 4.3, X(A) is regularly admissible w.r.t. (4.1) and, by Theorem 3.6, for
any function f € X(A) the mild solution u is obtained by

u() = XS()f = 5 [(AB— A) 8SO)A — Dx) 'fadr, (51)

i JT

where I" is the Cauchy contour around A and separated from o (A, B).

Lemma 5.2 Let u be defined by (5.1) and M be any A—class. Then u € M
whenever f € M.

Proof. Given f € BUC(R, E), then the function P : A — BUC(RR, E)
defined by
P(X) := (AB — A)7'6S(-)(A — Dx(a)) ' f

is continuous. Moreover, (A — Dx(a))"'f € M whenever f € M. Hence,
from the definition of P, P(\)(t) = (AB — A)7! (()\ - DX(A))_1f> (t), we
obtain P(A\) € M (Definition 5.1 iii). Because M is a closed subspace,
u=1/(2mi) [r P(A\)d\ is also in M. &

We now are in a position to state the main result of this section.

Theorem 5.3 If M is a A—class and f € M, then for every bounded mild
solution u of Equation (4.1), we have

spm(u) C o(A, B) NiR

Proof. It suffices to show that, if A € IR and i\ & o(A, B), then \ is a
M-regular point of u. Since o(A, B) is closed, there is a number € > 0, such
that (iA)No(A, B) =0, where A := [A — ¢, A + €]. By the arguments before



this theorem, X (A) is regularly admissible w.r.t. (4.1).

Let ¢ € L'(IR, E) be any function with suppF¢ C A, then @ := u x ¢ and
f = fx*¢ are in X(A) (Lemma 2.4(iii)). Moreover, f € M ([3, pp 60]).
Finally, it is not hard to show that @ is a bounded mild solution of equation

d _
EBu(t) = Au(t) + f(t).

Hence, by Lemma 5.2, % is also in M. So, by definition, A is a M-regular
point of u, and the theorem is proved. s

Let u be a bounded mild solution of Equation (4.1) and suppose o(A4, B)NilR
is countable. By Theorem 5.3, spr((u) countable, too. With this countability
of spp(u), we can reveal some properties of u:
i) ([3, Theorem 2.6]) For any A-class M, u will belong to M if for every
A€ SPm (U),
: 1 t —1iAs

tlggo; N u(x + s)ds
exists uniformly w.r.t. x € R.
i1) (Loomis’ Theorem, [11, Theorem 6.4]) For M = AP(IR, E), u is almost
periodic if either (a) E 2 ¢y or (b) The range of u(t) is weakly relatively
compact.

Applying Theorem 5.3 and the above cited results, we obtain

Corollary 5.4 Assume that o(A, B) NilR is countable and f is an almost
periodic function. Then every bounded mild solution u to (4.1) is almost
periodic if one of the following conditions is satisfied.

(a) E 2 Co, OT
(b) The range of u(t) is weakly relatively compact; or

(c) For every X € spapm,p)(u),

: 1 ¢ —1iAs
tlggo; € u(x + s)ds

exists uniformly w.r.t. x € R.



Corollary 5.5 Assume that o(A, B)NilR is countable and f is an asymptot-
ically (weakly asymptotically) almost periodic function, then every bounded
mild solution to (4.1) having the additional property that, for every A €

SPAAP(IR,E) (u) (for every X € SPWAAP(IR,E)(U) ),

: Lt —1iAs
tlggo; € u(x + s)ds

exists uniformly w.r.t. = € IR, is asymptotically (weakly asymptotically)
almost periodic.

In case B = I, Corollary 5.4 and 5.5 have been proved in [18], where A is
the generator of a Cy—semigroup, and Corollary 5.4 was proved in [1] for a
closed operator A.
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