Grammar of a Symbolic Language Used in “Elementary” Symbolic Logic or “First-Order Predicate Calculus.”

From Benson Mates, Elementary Logic (Oxford University Press, 1972, pp. 44-45)

This is Mates’ description of the grammar of L, a symbolic “language” designed for permitting logical analysis and proof.

The expressions of the Language L are strings of finite length of symbols, which in turn are classified as follows:

A. Variables. The variables are the lower case italic letters ‘u through ‘z’, with or without numerical subscripts (i.e., subscripts that are Arabic numerals for positive integers.
B. Constants.
(i) The logical constants are the eight symbols:

-  ∨  &  → ↔  (  )   (
(ii) The non-logical constants fall into two classes:

(a) Predicates, which are capital italic letters with or without numerical subscripts and/or numerical superscripts.

(b) Individual constants, which are the lower-case italic letters ‘a’ through ‘t’, with or without numerical subscripts.

   A predicate of degree n (or an n-ary predicate) is a predicate having as superscript a numeral for the positive integer n.

   A sentential letter is a predicate without superscript.

   An individual symbol is a variable or an individual constant.

   An atomic formula is an expression consisting either of a sentential letter alone or (for some positive integer n) of an n-ary predicate followed by a string (of length n) of individual symbols.

   A formula is an expression that is either an atomic formula or else is built up from one or more atomic formulas by a finite number of applications of the following rules:

(i) if ( is a formula then - ( is a formula.

(ii) if ( and ( are formulas, then ((((), (( & (), (( ( (), and (( (() are formulas.

(iii) if ( is a formula and ( is a variable, then (() ( and ((() ( are formulas.

   Further, an occurrence of a variable a in a formula f is bound if it is within a formula of the form (()( or ((()(; otherwise it is a free occurrence.

   Finally, a sentence is a formula in which no variable occurs free.

A few comments, partly based on Mates (pp 45-46). The previous account is very compressed. It has not given any meaning to the symbols, but its structure is clearly modeled on that of (a non-metaphorical!) natural language. The eight logical constants correspond to the words “not,” “or”, “and”, “if … then” and “if and only if.” Names and other subject-expressions from the natural language, e.g., ‘Socrates,’ are represented by the individual constants; and natural language predicates, e.g., ‘is the teacher of Aristotle’ are represented by the predicates. Formal expressions of the form (() and (((), represent universal and existential quantifiers, respectively, and may be expressed in a formalized English as “for all (” and “there is at least one (”

Actually, the lower-case Greek letters form a sort of meta-language. In practice, some variable or other is substituted for the (, and some capitalized italic letter, with or without sub- or superscripts, with or without variables, or compound sentence built from same with the help of logical constants, is substituted for ( and (. For instance, one can write 

P        P ( Q        P & Q        R ( S       (x) Fx        ((x) Fx       

Which are read “P”, “P or Q”, “if P then Q”, “R if and only if S”, “for all x, x is F”, and “there is an x such that x is F”, respectively.

The number of individual constants or variables that follow a predicate letter depends upon the degree of the predicate. For instance, a binary, or two-placed, predicate will be followed by two individual constants, two individual variables, or one of each. 

For instance, Rab, Rxy, and Gabc, which could represent a is in relation R to b, a, b, and c stand in relation G, where G might be the relation between the giver of an object, the object given, and the receiver of an object.

Rxy is not a sentence because x and y are variables that have not been bound.

((x)((y) Rxy is and sentence because all the variables are bound, that is, have their corresponding quantifiers. This sentence says “there is an x and there is a y such that x stands in relation R to y.”
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