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Lemmas on Polynomial Operators
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 Introduction.  Consider the following developmental details which render the
below displayed Lemmas Polynomial (differential) Operators of Order n regarding 
defined on of the vector space of polynomials over the real field.subspaces, 8 § ∞ß
In the discussions which follow,  subspace of real polynomials of  .8 œ Ö ×degree nŸ

 n -order , unit degree decreasingLEMMA #01.  Given a ( )  ( )th - -8 "Á ! Á !

polynomial (differential) operator L defined by:  thenP œ PÐHÑ œ H ß
5œ"

8

5
5-

there exists a ( )m -order degree preservinging  polynomial operator,th . .7 !Á ! Á !ÑÐ

Q(DÑ œ 
4œ!

7

4
4 7". H ß ÐPUÑ: œ H: : −such that:    for each polynomial  .

 Let such as above, be given.Proof of LEMMA #01 .  n order Operator Lth ß
Noting the  of repeatedly apply steps of the order of ascending powers DivisionPÐHÑß
Algorithm described, detailed and presented  DAas  in Item (1.1), below.  Note that the
application is continued until a  is created, where inf  and.7 Á ! 7 œ ÐQÑß

Q œ Ö5 − 5   8 • Á ! × Þ . 5 Then,

(1.1)  ,
H H H VÐHÑ V

P PÐHÑ PÐHÑ P
œ œ œ H  œ UÐHÑ 

H 
5œ"

8

5
5 4œ

7

4
4

-
.

0

which implies

(1.2) ,H œ PU VÐHÑ

where , and   denotes a polynomial of  Note theVÐHÑ œ H ÐHÑ7#5 5 degree Ð8#ÑÞ
remainder, R(D), minimal orderdoes have    Hence, from the above details, theÐ7#ÑÞ
Division Algorithm  quotient order , was executed until  did achieve and so that theU 7
remainder minimal order V : −would have Therefore,  impliesÐ7#ÑÞ 7"

(1.3)   since KerH: œ ÐPU VÑ: œ ÐPU VÑ: œ ÐPUÑ:ß § ÐVÑÞ7" 
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 .  Given a ( )  ( )LEMMA #02 m -order , degree preservingth . .7 !Á ! Á !

polynomial (differential) operator  U defined by:  thenU œ UÐHÑ œ H ß
4œ!

7

4
4.

there exists a ( )  ( )n -order , unit degree decreasing  polynomial operatorth - -8 "Á ! Á !

L defined by:  such that: for each polynomialP œ PÐHÑ œ H ÐPUÑ: œ H:
5œ"

8

5
5-

: − Þ8

 Let such as above, be given.Proof of LEMMA #0# .  order Operator 7 Ußth 

Noting the  of repeatedly apply steps of the order of ascending powers DivisionUÐHÑß
Algorithm described, detailed and presented  DAas  in Item (2.1), below.  Note that the
application is continued until a  is created, where inf  and-8 Á ! 8 œ ÐRÑß

R œ Ö5 − 5   7 • Á ! × Þ - 5 Then,

(2.1)  ,
H H H VÐHÑ V

U UÐHÑ UÐHÑ U
œ œ œ H  œ PÐHÑ 

H 
4œ

7

4
4 5œ"

8

5
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0
.

-

which implies

(2.2) ,H œ UP VÐHÑ

where , and   denotes a polynomial of  Note theVÐHÑ œ H ÐHÑ8"5 5 degree Ð7"ÑÞ
remainder, R(D), minimal orderdoes have    Hence, from the above details, theÐ8"ÑÞ
Division Algorithm  quotient order , was executed until  did achieve and so that theP 8
remainder minimal order V : −would have Therefore,  impliesÐ8"ÑÞ 8

(2.3)   since KerH: œ ÐUP VÑ: œ ÐUPÑ:ß § ÐVÑÞ8 
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 n -order , unit degree decreasingLEMMA #03.  Given a ( )  ( )th - -8 "Á ! Á !

polynomial (differential) operator L defined by:  P œ PÐHÑ œ H ß
5œ"

8

5
5-

then:   for each finite subspace     7 7" 7 ∞œ PÐ Ñ § Þ

 Let such as above, be given.Proof of LEMMA #03 .  n order Operator Lth ß
Then:   .  Hence,  Now, let : − ÐP:Ñ − PÐ Ñ Þ œ Ö × Ö     "7" 7 7" 7

5 5œ!
5œ7"P

denote a for Since  is a then 1basis u.d.d operator,  ’ "7"
5Þ P œ ÖP Ÿ 5 Ÿ 7"×

contains Consequently, is a for one polynomial of each degree d, 0 d . basisŸ Ÿ 7 ’ 7Þ

Hence, where: − : œ - ÐP Ñ œ PÐ- Ñ œ P - ß Ö " " "7

5œ" 5œ" 5œ"

7" 7" 7"

5 5 5 5 5 5   

5œ"

7"

5 5
7" 7 7" 7"- œ 0 − Þ : − b 0 − Þ ½ Þ : œ P0 − PÐ ÑÞ"   Ö  Thus,  

The prior implication renders the inclusion  L( ),  and the asserted equality 7 7P 1

 7 7"œ PÐ Ñ  is hereby established.  
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 n -order , unit degree decreasingLEMMA #04.  Given a ( )  ( )th - -8 "Á ! Á !

polynomial (differential) operator L defined by:  thenP œ PÐHÑ œ H ß
5œ"

8

5
5-

there exists a ( )Unique m -Orderth  degree preservinging  polynomial. .7 !Á ! Á !ÑÐ

operator, Q(DÑ œ 
4œ!

7

4
4 7". H ß ÐPUÑ: œ H: : −such that:    for each polynomial  .

 Let such as above, be given.Proof of LEMMA #04 .  n order Operator Lth ß

Now, applying ,  where Lemma #01 b U Þ ½ Þ : − Ê ÐPUÑ: œ H:ß U œ H .7" 4

4œ!

7

4
and In order to establish that is a suppose that. .! 7Á ! Á Þ U unique such operator, 
both Q and U : −satisfy the hypothesis of   Then, Lemma #01.  Ö7"

ÐPUÑ: œ H: œ ÐPUÑ: ß U œwhere   
4œ!

7

4 ! 7
4. . .H Á ! Á Þ  and  Consequently,

ÐUPÑ: œ ÐPUÑ: œ ÐPUÑ: œ ÐUPÑ: ß : − Þfor all 7" Now, from recallLemma #03, 
that  Hence,  implies that:  PÐ Ñ œ Þ : − ! œ ÐUPÑ:  Ð  7" 7 7" UPÑ:.  Hence,
! œ UÑÒP:Ó œ UÑ0ß 0 œ ÐP:Ñ −ÐU ÐU PÐ Ñ œ Þwhere  7" 7   Consequently,

  Ö .7 7 4

4œ!

7

4 4P KerÐU ! œ ÐU Ð  ÑHUÑÞ ß − UÑÒ Ó œ Ò ÓTherefore B B B
7x 7x 7x

7 7 7 .

 Ö . Ö .! œ Ò Ó ! œ
4œ!

7

4 44 4Ð  Ñ Ð  Ñ ß ! Ÿ 4 Ÿ 7ß. .B
Ð74Ñx

74

 for 

  for by noting that  Ö.4 4œ ß ! Ÿ 4 Ÿ 7ß \ œ Ö ! Ÿ 4 Ÿ 7×. B
Ð74Ñx

74 
is a by virtue of serving as a  for  .  Accordingly,linearly independent set basis 7

U œ Uà thus, the demonstration asserting such unique, companion operator for given + P
is hereby complete.  
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 n -order , unit degree decreasingLEMMA #05.  Given a ( )  ( )th - -8 "Á ! Á !

polynomial (differential) operator L defined by:  thenP œ PÐHÑ œ H ß
5œ"

8

5
5-

there exists a ( )Unique m -Orderth  degree preservinging  polynomial. .7 !Á ! Á !ÑÐ

operator, Q(DÑ œ 
4œ!

7

4
4 7". H ß ÐPUÑ: œ H: : −such that:    for each polynomial  .

(Note:  Viewing the  as an the below referenced polynomialsymbol D indeterminant, 
operators can be viewed as elements of the Euclidean ring   of polynomials ( )I ∞

over the field of real numbersÑÞ

 Let such as above, be given.Proof of LEMMA #05 .  n order Operator Lth ß
Noting the  of repeatedly apply steps of the order of ascending powers DivisionPÐHÑß
Algorithm described, detailed and presentedas  in Item (5.1), below.  Note that
application of the DA is continued until  is created, where inf  and.7 Á ! 7 œ ÐQÑß

Q œ Ö5 − 5   8 • Á ! × Þ . 5 Then,

(5.1)  ,
H H H VÐHÑ V

P PÐHÑ PÐHÑ P
œ œ œ H  œ UÐHÑ 

H 
5œ"

8

5
5 4œ

7

4
4

-
.

0

which implies

(5.2) =   ,H œ PU VÐHÑ PU  V

where , and   denotes a polynomial of  Note theVÐHÑ œ H ÐHÑ7#5 5 degree Ð8#ÑÞ
remainder, R(D), minimal orderdoes have    Hence, from the above details, theÐ7#ÑÞ
Division Algorithm the quotient the remainder R was executed to construct  and so thatU
U 7 œ ÐQÑß Vachieved order consequently  achieved order inf and and withß Ð87Ñ ß
minimal order the application of the Division AlgorithmÐ7#ÑÞ Hence, via  to the
polynomial ring elements D, Euclidean Ring E, P − I belonging to the ring elements
U and R Division Algorithm Euclidean Rings (Domains). were constructed via the for 
Such ring (domain) elements are thus related as displayed in   Hence,Item (5.2).

(5.3)  , via the PU œ ÐH VÑ Division Algorithm.

From and the  for Item (5.3) unique factorization property Euclidean ring elements,
the constitute a  as a consequence of theoperators L,Q E unique pair of factors−
Division Algortithm given Euclidean ring elements L,D E. applied to −

Hence, from the above details, the was executed until  didDivision Algorithm  quotient U
achieve and so that the would have order , remainder minimal order 7 Ð7#ÑÞV
Therefore,  implies: − 7"

(5.4)   since KerH: œ ÐPU VÑ: œ ÐPUÑ:ß § ÐVÑÞ7" 


