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Expected Returns and Variances

For Individual Assets
Calculations based on Expectations of future;

E(R) = Σ (ps x Rs)
Variance (or Standard Deviation):

a measure of variability;
a measure of the amount by which the returns 
might deviate from the average (E(R))

σ2 = Σ {ps x [Rs - E(R)]2}
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Covariance
Covariance: Co (joint) Variance of two 
asset’s returns

a measure of variability
Cov(AB) will be large & ‘+’ if :

‘A’ & ‘B’ have large Std. Deviations and/or
‘A’ & ‘B’ tend to move together

Cov(AB) will be ‘-’  if:
Returns for ‘A’ & ‘B’ tend to move counter to 
each other
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Correlation Coefficient

Correlation Coefficient:
Standardized Measure of the co-movement 
between two variables

ρAB = σAB / (σA σB); I.e., Cov(AB)/σA σB ;
same sign as covariance
Always between (& including) -1.0 and + 
1.0
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Portfolio Expected Returns 

Portfolio:
a collection of securities (stocks, etc.)

Portfolio Expected Returns:
Weighted sum of the expected returns of 
individual securities 

E(Rp) = XAE(R)A + XB E(R)B
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Portfolio Variance
Portfolio Variance:

NOT the weighted sum of the individual 
security variances 
Depends on the interactive risk . I.e.,
Correlation between the returns of individual 
securities
σP

2 = XA
2σA

2 + 2 XA XB σAB  + XB
2σB

2

σAB = ρΑΒ σAσB
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Diversification

Diversification Effect:
Actual portfolio variance ≤ weighted sum of 
individual security variances
more pronounced when ρ is negative
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Opportunity and Efficient Sets
Opportunity Set:

Attainable or Feasible set of portfolios
• constructed with different mixes of ‘A’ & ‘B’

Are all portfolios in the Opportunity Set 
equally good? NO!

Only the portfolios on Efficient Set
• Portfolios on the Efficient Set dominate all other 

portfolios

What is a Minimum Variance Portfolio?
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Efficient Sets and Diversification
(2 security portfolios) 

100% 
low-risk 
asset

re
tu

rn

σ

100% 
high-risk 
asset

-1 < ρ > 1
ρ = +1.0

ρ = -1.0
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Portfolio Risk/Return Two 
Securities: Correlation Effects

Relationship depends on correlation 
coefficient
-1.0 < ρ < +1.0
The smaller the correlation, the greater the 
risk reduction potential
If ρ = +1.0, no risk reduction is possible
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Efficient Sets (Continued)
Efficient set with many securities

Computational nightmare!
Inputs required: ‘N’ expected returns, ‘N’ 
variances, (N2 - N)/2 covariances.
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Portfolio Diversification

Investors are risk-averse
Demand  ⇑ returns for taking ⇑ risk      

Principle of Diversification
Combining imperfectly related assets can 
produce a portfolio with less variability than a 
“typical” asset
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Portfolio Risk as a Function of the 
Number of Stocks in the Portfolio

Nondiversifiable risk; 
Systematic Risk; 
Market Risk

Diversifiable Risk; 
Nonsystematic Risk; 
Firm Specific Risk; 
Unique Risk

n

σ

Thus diversification can eliminate some, but not all of the 
risk of individual securities.

Portfolio risk
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Different Types of Risks
Total risk of an asset:

Measured by σ or σ2

Diversifiable risk of an asset:
Portion of risk that is eliminated in a portfolio; 
(Unsystematic risk)

Undiversifiable risk of an asset:
Portion of risk that is NOT eliminated in a 
portfolio; (Systematic risk)



Chhachhi/519/Ch. 10 15

The Efficient Set for Many 
Securities

Consider a world with many risky assets; we can still 
identify the opportunity set of risk-return 
combinations of various portfolios.
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σP

Individual 
Assets
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The Efficient Set for Many 
Securities

Given the opportunity set we can identify the 
minimum variance portfolio.
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σP

minimum 
variance 
portfolio

Individual 
Assets
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10.5 The Efficient Set for Many 
Securities

The section of the opportunity set above the 
minimum variance portfolio is the efficient 
frontier.
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σP

minimum 
variance 
portfolio

efficient fro
ntier

Individual 
Assets
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Efficient set in the presence of
riskless borrowing/lending

A Portfolio of a risky and a riskless asset:
E(R)p = Xrisky *  E(R)risky + Xriskless *  E(R)riskless 

S.D. p = Xriskless * σriskless

Opportunity & Efficient set with ‘N’ risky 
securities and 1 riskless asset

tangent line from the riskless asset to the curved 
efficient set 
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Capital Market Line
Expected return

of portfolio

Standard
deviation of

portfolio’s return.

Risk-free
rate (Rf )

4

M

5.
Capital market line

.
X

Y
5

M



Chhachhi/519/Ch. 10 20

Efficient set in the presence of
riskless borrowing/lending

Capital Market Line
• efficient set of risky & riskless assets
• investors’ choice of the “optimal” portfolio is a 

function of their risk-aversion

Separation Principle: investors make 
investment decisions in 2 separate steps:
1.  All investors invest in the same risky “asset”
2.  Determine proportion invested in the 2 assets?
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The Separation Property 

The Separation Property states that the market 
portfolio, M, is the same for all investors—they can 
separate their risk aversion from their choice of the 
market portfolio.
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σP

efficient frontier

rf

M

CML
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The Separation Property 

Investor risk aversion is revealed in their choice of 
where to stay along the capital allocation line—not 
in their choice of the line.
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The Separation Property

The separation property implies that portfolio choice can 
be separated into two tasks: (1) determine the optimal 
risky portfolio, and (2) selecting a point on the CML.

rf

re
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rn

σ

Optimal 
Risky 
Porfolio

CML



24

Market Equilibrium
Homogeneous expectations

all investors choose the SAME risky (Market)
portfolio and the same riskless asset.

• Though different weights
Market portfolio is a well-diversified portfolio

What is the “Relevant” risk of an asset?
The contribution the asset makes to the risk of 
the “market portfolio”
NOT the total risk (I.e., not σ or σ2)
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Definition of Risk When Investors 
Hold the Market Portfolio

Beta
Beta measures the responsiveness of a 
security to movements in the market 
portfolio.
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Beta

BETA
measures only the interactive (with the market) 
risk of the asset (systematic risk)

• Remaining (unsystematic) risk is diversifiable
• Slope of the characteristic line

Betaportfolio= weighted average beta of 
individual securities
βm = average beta across ALL securities = 1
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Estimating β with regression
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Risk & Expected Returns
(CAPM & SML)
as risk ↑, you can expect return ↑ too

& vice-versa: As return ↑ , so does risk ↑ 

Which Risk??
Systematic Risk Principle:

Market only rewards investors for taking 
systematic (NOT total) risk

WHY?
Unsystematic risk can be  diversified away 
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Relationship between Risk and 
Expected Return (CAPM)

Expected Return on the Market:

• Expected return on an individual security:

PremiumRisk Market += FM RR

)(β FMiFi RRRR −×+=

Market Risk Premium
This applies to individual securities held within well-

diversified portfolios.

Thus, Mkt. RP = (RM - RF)



Chhachhi/519/Ch. 10 30

Expected Return on an Individual 
Security

This formula is called the Capital Asset 
Pricing Model (CAPM)

)(β FMiFi RRRR −×+=

• Assume βi = 0,  then the expected return is RF.
• Assume βi = 1,  then Mi RR =

Expected 
return on 
a security

= Risk-
free rate + Beta of the 

security × Market risk 
premium
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CAPM & SML-- Continued

SML: graph between Betas and E(R)
Salient features of SML:

Positive slope: As betas ⇑ so do E(R)
Intercept = RF ; Slope = Mkt. RP
Securities that plot below the line are
Overvalued and vice-versa 
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Security Market Line
Expected return
on security (%)

Beta of
security

Rm

Rf
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Security market 
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Relationship Between Risk & 
Expected Return
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CAPM & SML-- Continued

What’s the difference between CML & SML?
CML: 1. Is an efficient set
2.‘X’ axis = σ; 3.   Only for efficient portfolios

SML: 1. Graphical representation of CAPM
2.‘X’ axis = β;  3. For all securities and portfolios 

(efficient or inefficient)
H.W. 1, 3, 6, 9, 11, 18, 21, 22(a,b), 25, 26, 30, 
38
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Review
This chapter sets forth the principles of modern portfolio 
theory.
The expected return and variance on a portfolio of two 
securities A and B are given by

ABAABB
2

BB
2

AA
2
P )ρσ)(wσ2(w)σ(w)σ(wσ ++=

)()()( BBAAP rEwrEwrE +=

• By varying wA, one can trace out the efficient set of 
portfolios. We graphed the efficient set for the two-asset case 
as a curve, pointing out that the degree of curvature reflects 
the diversification effect: the lower the correlation between 
the two securities, the greater the diversification.

• The same general shape holds in a world of many assets.
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Review-- Continued
The efficient set of risky assets can be combined with 
riskless borrowing and lending. In this case, a rational 
investor will always choose to hold the portfolio of risky 
securities represented by the market portfolio.
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CML• Then with 
borrowing or 
lending, the 
investor selects a 
point along the 
CML.
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Review-- Concluded
The contribution of a security to the risk of a well-
diversified portfolio is proportional to the covariance of the 
security's return with the market’s return. This contribution 
is called the beta.

• The CAPM states that the expected return on a security is 
positively related to the security’s beta:
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